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Series

Sequence Recap

Before starting series lets recap last weeks lesson and look at one special sequence.

A sequence is a list of objects that follow a certain order. Each object in the list is called a

term, and we refer to it using subscript notations as an, where n is a number that indicates

its position in the sequence. For example:

{5, 8, 11, 14, 17, 20, . . . }

In this sequence we have a1 = 5, a2 = 8, a3 = 11 and so on. We can define this sequence

recursively as:

an = an−1 + 3 a1 = 5

Or in closed form as:

an = 5 + 3(n− 1)

We covered two types of sequences, arithmetic and geometric. Here they are summarized:

• Arithmetic

– There is a common difference between each term.

– Each term is defined as the common difference(d) plus the previous term.

– The recursive definition is: an = an−1 + d

– The closed form solution is: an = a + d(n− 1)

• Geometric

– There is a common ratio between each term
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– Each term is defined as the previous number multiplied by the common ratio(r)

– The recursive definition is: an = r × an−1

– The closed form solution is: an = a× rn−1

New Topics:

Fibonacci sequence

The Fibonacci sequence is an infinite sequence(goes on for ever) that is very famous in the

mathematical world. Here is the beginning of the sequence, can you find the pattern?

{1, 1, 2, 3, 5, 8, 13, 21, . . . }

The Fibonacci sequence is defined as:

Series

A series is . We denote a series as Sn. Another way of

writing a series is with the summation symbol sigma(
∑

).

N∑
i=1

ai = a1 + a2 + · · ·+ an−1 + an

In this notation the
∑

indicates adding all the ai from i = 1 to i = N . We can also do this

for closed form solutions. For example:

6∑
n=1

1 + 6(n− 1) = [1 + 6(1− 1)] + [1 + 6(2− 1)] + · · ·+ [1 + 6(5− 1)] + [1 + 6(6− 1)]
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6∑
n=1

1 + 6(n− 1) = 1 + 7 + 13 + 19 + 25 + 31

= 8 + 32 + 56

= 96

Examples

Find the sum of the following series:

1. Sn = 1 + 2 + 3 + 4 + 5

2. Sn = 3 + 8 + 13 + 18

3. Sn = 2 + 4 + 8 + 16 + 32 + 64 + 128

4. ai = {5, 7, 13, 24, 25, 95} find
4∑

i=1

ai

5.
5∑

n=0

9n

A Faster Way?

Find the sum of of the first 100 numbers. That is:

S =
100∑
n=1

n =?

1 + 2 + 3 + 4 + 5 + 6 + 7 + 8 + . . .

This can be generalized to numbers from 1 to N by the formula
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Find the sum of the first 900 positive numbers:

Imagine how long that would take you to calculate if you did not know the trick(formula).

Lets do an other example.

Find the sum of the first 43 positive numbers;

Other formula used for series:

What technique did we use for the sum of the first n numbers? We inverted the series and

added it up with itself. What if the series doesn’t start at 1? Does this still work? Yes and

there is only a slight modification.

We will look at the generalized formula in two different ways:

The first formula uses the arithmetic sequence formula a + d(n− 1), lets look at this using

the same adding trick.

Adding these terms together we get
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Sn =

The second way of looking at this formula is looking at what we did when we added 101

with itself 100 times earlier. The 101 came from adding 1 + 100 or we can see it as adding

the first number with the last. Lets look at the addition trick we did before but this time

instead of 1 to 100 we will do a1 to an

Using the same logic as before we can generalize the sum of first n numbers to:

Sn =

Here n is the number of terms in the series, a1 is the first number and an is the last term

in the series. These two formulas give the exact same result they are simply written in two

different ways.

Examples:

Given the sequence an = 9 + 2(n− 1) find the sum of the first 15 terms.

lets solve this using the formula
n[2a + d(n− 1)]

2
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Given the sequence an = 6 + 4(n− 1) find the sum of terms a2 to a21

First we note that in our series we have 21− 2 + 1 = 20 term, so n = 20

Second we find the first term of our series which is a2

Now we find the last term of our series a21

Once we have these numbers we can use our formula.

Find the sum of the following series:

1. Sn = {4 + 8 + 12 + 16 + 20 + 24}

2. Sn = {4 + 10 + 16 + · · ·+ 124}
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PROBLEMS

1. Find the 7th term term of an = 7 + 12(n− 1)

2. How many terms are in {940, 900, 860, . . . , 540}

3. What is the 10th Fibonacci number?

4. Evaluate the following:

(a) Sn = {3 + 6 + 7 + 9}

(b)
5∑

n=1

2n

(c)
8∑

n=1

7

(d)
10∑
n=5

2 + 3(n− 1)

5. Find the sum of all integers from 47 to 93.

6. Evaluate the following:

(a)
56∑
n=1

4n + 1

(b) Sn = {4 + 12 + 20 + 28 + · · ·+ 92}

(c) an = {6, 9, 12, 15, . . . , 33} Find the sum of all numbers in an

(d)
20∑
n=1

5− 2(n− 1)

7. Given the sequence an = 1 + 4(n− 1) what is the sum of every second number in the

sequence up until the 16th number. That is a2 + a4 + a6 + . . . a14 + a16.

8. In the first row of a theater there are 15 seats, and in the 16th and final row there are

60 seats. If the seat follow an arithmetic sequence:

(a) What is the common difference?

(b) How many seats are there in this theater?

(c) * Some strange accident happens and every 3rd row is now unavailable. That is

rows 1,2,4,5,7,8,... are available but 3,6,9,... are not. How many people can the

theater seat now?

9. Explain the pattern in the sequence {1, 1, 4, 9, 25, 64, 169}
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10. **Give a mathematical recursive definition of for the sequence above.

11. **You are given an arithmetic series whose first number is 4 its last number is 59 and

its sum is 189. What is the common difference between the numbers?

The following questions deal with geometric series. Only try these if you have finished all the

questions above. Note if you missed it in the presentation and want to try these problems

the sum of a geometric series is:
N∑

n=1

arn−1 = a1−rN
1−r

1. Calculate
8∑

n=1

7(2)n−1

2. Calculate
12∑
n=1

2(3)n−1

3. Calculate
5∑

n=1

10(4)n−1

4. *You are offered a job for the month of November working Monday to Friday each

week. Your boss offers you to salary options.

Option 1: you are payed $1000 everyday of November.

Option 2: You start at a penny a day($0.01) and the amount you are payed doubles

each day. Which option do you take? Calculate how much each make during the 30

days.

5. *These two questions are geometric series that start at a term other then 1, because

of this they use a slightly different formula
N∑

n=j

arn−1 = a rj−1−rN
1−r

(a) Calculate
8∑

n=3

7(2)n−1

(b) Calculate
12∑
n=5

2(3)n−1

6. ***A fraction less then 1 to a very large power (1
2

10000
) becomes so small in math we say

it converges to 0. As you can see in the sequence here {0.5, 0.25, 0.125, . . . , 0.0009, . . . }.
0.0009 is only the 10th term, imagine how small it will be for the 10,000th term. This

is why for calculation we consider 1
2

some really big number
as 0 when we do calculations.
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Knowing this does the infinite series
∞∑
n=1

1
2

n
have a finite sum. That is does it have a

sum less then infinity? If so, what is that sum?

7. ** In an infinite geometric series, what values of r will give you a finite sum?
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