
MATH CIRCLES MARCH 11 - NOTES

IAN PAYNE

1. Zakendorf’s Theorem

Recall that the Fibonacci sequence is the sequence starting with 1, 2, and each subse-

quent term is computed by taking the sum of the previous two. The first ten terms are

1, 2, 3, 5, 8, 13, 21, 34, 55, and 89. A number that occurs in the sequence is called a Fibonacci

number, and we will call two Fibonacci numbers consecutive if they appear consecutively in

the sequence. For example, 3 and 5 are consecutive, while 5 and 34 are not. Zakendorf’s

Theorem says that every natural number can be written uniquely as the sum of distinct

and non-consecutive Fibonacci numbers. For example, the number 75 can be written as

75 = 2 + 5 + 13 + 55. This is a sum of Fibonacci numbers, no two are equal, and no two

are consecutive. The theorem also asserts that this is the only way to do it. There are other

ways to write 75 as a sum of Fibonacci numbers, for example, 75 = 2 + 5 + 5 + 8 + 55, or

75 = 2 + 5 + 13 + 21 + 34, but in the first the number are not all distinct, and in the second,

there are consecutive Fibonacci numbers. Let’s prove this Theorem:

Theorem 1 (Zakendorf’s Theorem). Every positive integer can be written uniquely as a sum

of distinct, pairwise non-consecutive Fibonacci numbers.

The pairwise non-consecutive bit means that no two of the numbers are consecutive Fi-

bonacci numbers.

Proof. Existence: First, we’ll show that every natural number can be written as a sum of

distinct Fibonacci numbers. We will use induction for this part. It is certainly true for

n = 1, since it is a Fibonacci number itself. Now suppose it is true for all positive integers

strictly less than n. We must show that n is a sum of distinct Fibonacci numbers. Well, the

Fibonacci numbers are unbounded, meaning they get arbitrarily large. Let F be the largest

Fibonacci number such that F ≤ n, and take n′ = n− F . If n′ is 0, then n = F , so n was a

Fibonacci number and there was nothing to prove. Otherwise, n′ is a positive integer which

his less than n, so the inductive hypothesis guarantees it can be written as F1 + · · · + Fk

where F1 < F2 < · · · < Fk (since they are all distinct, we can write them in ascending order

like this). Therefore, n = F1 + F2 + · · ·+ Fk + F . We now must show that these Fibonacci
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numbers are all distinct. Since the first k are strictly increasing, the only way two of them

can be equal is if Fk = F . To see why this can’t happen, let f be the Fibonacci number

that occurs before Fk in the Fibonacci sequence, and ` be the Fibonacci number occurring

after it. We have from the sum that n ≥ Fk +F = Fk +Fk, if we assume that F = Fk. This

means that n ≥ Fk + f = `. Of course, f + Fk = ` because each Fibonacci number is the

sum of the previous two. We have shown that F = Fk < ` ≤ n, which means there was a

Fibonacci number ≤ n that is larger than F . However, F was chosen to be the largest such,

so it can not be the case that F = Fk.

Now we know that every positive integer is the sum of distinct Fibonacci numbers. Here

is why they are non-consecutive. Suppose n = F1 + · · · + Fk where F1 < F2 < · · · < Fk.

Suppose two of them are consecutive. Find the largest pair that is consecutive, say Fi, Fi+1.

This means that Fi+1, Fi+2 are not consecutive. We then can replace Fi and Fi+1 by their

sum, which is a Fibonacci number. Furthermore, since Fi+1 and Fi+2 are not consecutive,

Fi + Fi+1 6= Fi+2. This means that the new sum is still that of distinct Fibonacci numbers.

One can now continue to replace the largest pair of consecutive Fibonacci numbers by their

sum. This process must stop eventually, at which point the sum will be of distinct, non-

consecutive Fibonacci numbers.

Uniqueness: We won’t go through the whole thing in detail here, but the idea is as follows:

Suppose n = F1 + · · ·+ Fk and n = E1 + · · ·E` where the Fi and Ej are Fibonacci numbers

written in increasing order so that the Fi are distinct and pairwise non-consecutive, as are

the Ej. We can proceed by induction again. Suppose we have shown that it is unique for

all positive integers strictly less than n. Then if we could show that Fk = E`, we could

apply the inductive hypothesis to the numbers n − Fk and n − E`, which of course, would

be equal. Essentially, this can be done by showing that Fk and E` are both the largest

Fibonacci number that is less than or equal to n. �

2. Graphs

The last thing that you need in order to get started on the third problem set is a basic

introduction to some of the terminology from graph theory. Roughly speaking, a graph is a

bunch of points (called vertices or nodes), some of which are connected by lines. The most

useful way to think of them is by a picture. Here is a graph from the problem set:
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More formally, a graph is a set of points, usually denoted V which is the set of vertices or

nodes, and a set of “edges”, usually denoted E. An edge is a two element subset of the vertex

set that indicates that an edge is to be drawn between those two vertices. For example, The

graph above can be formally described as having vertex set V = {a, b, c, d, e, f, g, h, i, j} and

edge set {{a, b}, {b, c}, {c, f}, {e, f}, {i, f}, {d, f}, {d, g}, {d, h}, {d, j}, {g, j}, {h, j}}. You

can see this when the vertices are labelled:

e

c

i

f g h

ba
d

j

The labelling is useful to refer to parts of the graph, but when you are doing the problems,

just think of them as dots connected by lines. When two vertices are connected, we call them

neighbours, or say that they are adjacent. For example, a and b are neighbours in the graph

above, and we can also say a and b are adjacent. The neighbourhood of a vertex is the

set of vertices to which it is adjacent, along with itself (this is sometimes called the closed

neighbourhood). For example, the neighbourhood of g is {g, d, h, j} and the neighbourhood

of e is {e, f}. Here are a few definitions:

Definition 1. A path is a graph which is just a line of vertices, each connected to the

previous and the next. For example,

Definition 2. A cycle in a graph is a sequence v1, v2, . . . , vn of at least three vertices so

that they are all distinct, and {v1, v2}, {v2, v3}, . . . , {vn−1, vn}, and {vn, v1} are all edges. For
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example, in the graph before the definition, d, h, j, g is a cycle. A graph itself can be a cycle.

For example,

Definition 3. Suppose v1, v2, . . . , vn is a cycle. Then for two different vertices, vk and v` in

the cycle with k < `, there are two paths between them on the cycle. Namely, vk, vk+1, . . . , v`

and vk, vk−1, . . . , v1, vn, vn−1, . . . , v`. A chord from vk to v` is a path from vk to v`, say

vk = w1, w2, . . . , wr = v`, that is shorter than either of these two paths. For example, the

cycle from above could have a chord drawn in it as follows:

Note that this definition is not standard, but it appears in the problem set.

Definition 4. A tree is a graph that has no cycles in it. A path is a tree. Also, if you think

about it, game trees are trees, which is why they are called that. If we remove a few edges

from the first example of a graph that was drawn, we get this tree:
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The next definition is a little bit strange, but if you want to really think about what it

means, it comes up in the general solution to the cops and robbers problem, which we won’t

go into.

Definition 5. Let G be a graph with vertex set V and edge set E. Suppose there are two

vertices, v and w such that the neighbourhood of v is contained in the neighbourhood of w.

This means that v and w are adjacent, and all of the neighbours of v are also neighbours of

w (not necessarily vice versa). Then we say that deleting vertex v from the graph (and all

of the edges that come with it) is a fold of the graph. We may also say that we fold v onto

w.

For example, if you look at the labelled graph at the beginning of the section, deleting e

and the edge from e to f is a fold of the graph. This is because the neighbourhood of e is

{e, f}, and the neighbourhood of f is {f, c, e, i, d}, which clearly contains the neighbourhood

of e. Also, deleting j and all of its edges is a fold since the neighbourhood of d contains the

neighbourhood of j.

Definition 6. A graph is called dismantlable if there is a sequence of folds that takes it to

a single vertex. This means you must perform a fold, then perform a fold on the graph

obtained after the fold, and so on until there is only one vertex left. Be careful to note

that neighbourhoods can change when vertices are deleted.

The labelled graph fro before is dismantlable. Here is one way to see this. Here is the

original graph:

e

c

i

f g h

ba
d

j
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First, fold a onto b.

e

c

i

f g h

b
d

j

Fold b onto c.

e

c

i

f g h

d

j

Fold c onto f .

e

i

f g h

d

j

Fold e onto f .

i

f g h

d

j

Fold i onto f .
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f g h

d

j

Fold f onto d.

g h

d

j

Fold d onto j.

g h

j

Fold g onto j.

h

j

Fold j onto h.

h

Since the graph that is left is just a single point with no edges, the original graph is disman-

tlable.

That’s all for me for this year. It was fun, and I learned a lot. I should say that I received

useful advice from Rebecca Milley, a professor at Grenfell Campus, Memorial University, as

well as a set of notes entitled “Game Theory” by Thomas S. Ferguson. It’s full of cool stuff,

and you can find it at the link below.
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