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Series

Try this:

Mr Turner has devised a plan to keep his nemesis-neighbour Mr Dinkleberg off his property:

he is going to build a wall between their houses. He designs an aesthetically pleasing wall

so that he still has a nice view from his room. It has 6 bricks on the bottom row, and

each additional row has three more bricks than the previous one (unfortunately, he is too

dimwitted to notice that this wall will not be able to stay up). If Mr Turner wants to build

a wall in this fashion that is 20 rows high, how many bricks will he need?

If you tried this problem, you probably found that it was quite time consuming and tedious.

Sometimes, mathematicians need to add up lots and lots of numbers that follow a specific

pattern. Luckily for them, there is an easier way to do this question than by counting how

many bricks are in each row.

To talk about how to solve this problem, we have to review sequences. A sequence is a list

of numbers that follow a rule or pattern. Two specific types of sequences are arithmetic

and geometric sequences.

Arithmetic Sequences
An arithmetic sequence is a list of numbers (or terms) which have a common difference

between them. That is, you generate the next number in an arithmetic sequence by adding

a specific number (the common difference) to the number before it. Here are two examples

of arithmetic sequences:

2, 4, 6, 8, 10, 12

1, 4, 7, 10, 13, 16

In the first sequence, I chose to start the sequence with the number 2 (my initial term) and

my common difference was also 2. I added 2+2 to get 4, 4+2 to get 6, 6+2 to get 8, and so on.

Exercise: Follow the pattern: what are the two terms of this sequence after 12?

What is the 14th term?

1



In the second sequence, my initial term was the number 1.

What was my common difference?

Exercise: What are the two terms of this sequence after 16?

What is the 10th term?

Create your own arithmetic sequence! Choose two numbers and write them here:

The first number you chose will be your initial term and the second number is your common

difference.

Write out the first five numbers of your arithmetic sequence here:

Geometric Sequences
Instead of a common difference, terms in a geometric sequence have a common ratio be-

tween them. You generate the next number in a geometric sequence by multiplying the

previous term by a specific number (the common ratio). Here are some examples of geomet-

ric sequences:

2, 4, 8, 16, 32

3, 15, 75, 375

In the first sequence, my initial term is 2 and my common ratio is also 2.

Exercise: What are the two terms of the first sequence after 32?

What is the 11th term?

What was my inital term and my common ratio for the second sequence?

Inital Term: Common Ratio:

What are the two terms of the second sequence after 375?

What is the 15th term?

This time, create a geometric sequence from the numbers you chose in the previous section.

The first number will still be your initial term but your second number will now be your

common ratio.

Write out the first five terms of your geometric sequence here:

Sum Notation
What if I add together all of the numbers in my first arithmetic sequence? We get: 2 + 4 +

6 + 8 + 10 + 12 = 42. Therefore, the number 42 is called the sum of this sequence. Another

word for “2 + 4 + 6 + 8 + 10 + 12” is the series corresponding to the original arithmetic

sequence, and 42 is the value of the series. Each number in the series is called a term.

2



We can also write this series in a shorthand called sum notation:

2 + 4 + 6 + 8 + 10 + 12 =
6∑

n=1

2n

The symbol Σ is called “sigma”. In the Greek alphabet, it is the letter S (the first letter in

the word “sum”). Let’s take a closer look at how sum notation works:

The letter n is called a variable. It is a placeholder for any number we want. In this case,

n represents the index number (also called the term number). The first number in a series

has index 1, the second term has index 2, and so on.

2n means 2 × n and it is the pattern that this series follows. That is, the first term in this

sequence (n = 1) is 2× 1 = 2, the second term in the series (n = 2) is 2× 2 = 4, the third

term (n = 3) is 2× 3 = 6, the fourth term (n = 4) is 2× 4 = 8, and so on. The sigma tells

us to add all of these terms together. In our example, we summed the first six terms of our

original arithmetic sequence. Because we started at the first term, we put n = 1 underneath

the sigma. Since 12 is the last term we added and it had index 6 (because 2 × 6 = 12), we

put an index 6 on top of the sigma so we know when to stop adding.

Finally, we say that the first term is a1, the second term is a2 and so on. In the series above,

a1 = 2, a2 = 4, a3 = , a4 = and a16 = , etc.
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Example 1:

Say I wanted to write out the series represented in sum notation by
3∑

n=1

(3n + 1). An easy

way to do this is to make a table like the one below:

n pattern: 3× n+ 1 an

1 3× 1 + 1 = 3 + 1 4

2 3× 2 + 1 = 6 + 1 7

3 3× 3 + 1 = 9 + 1 10

My first term had index 1, so I replaced n in the pattern with the number 1 to get my first

term. For my second term, I replaced the n in the pattern with the number 2, and to find

the third term of my series, I replaced the n with the number 3. Do I keep going? No! The

number on top of the sigma is 3, so this means that after I have added the third term to my

series (replaced the n with 3) then I stop finding more terms. The work above shows that

my final answer for this series is:

3∑
n=1

(3n+ 1) = 4 + 7 + 10

Example 2:

If I wanted to write out the series
4∑

n=1

4n− 1, then I would look underneath the sigma to see

that the first term in my series has index number 1. So I would replace the n in the pattern

with 1 to get my first term. We find 4 × 1 − 1 = 3 so the first number in our series would

be 3. I have worked out the whole series below. Take a moment to go through it and make

sure you understand everything (note: we do operations inside brackets first):

4∑
n=1

4n− 1 = (4× 1− 1) + (4× 2− 1) + (4× 3− 1) + (4× 4− 1)

= (4− 1) + (8− 1) + (12− 1) + (16− 1)

= 3 + 7 + 11 + 15

What is the value of this series?
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Exercise: Write out the series and give its value. The first one is done for you.

1.
4∑

n=1

(2n+ 1) = 3 + 5 + 7 + 9 = 24

2.
4∑

n=1

(3n)

3.
4∑

n=1

(5n+ 10)

4.
5∑

n=1

(3n− 2)

Patterns, Patterns, Patterns, Patterns...
The hardest part about using sum notation is finding one pattern to describe your series.

The way to do this is to think about how a term relates to its index number. Let’s take a

look at the series 4 + 8 + 12 + 16 and try to find a pattern to describe it. I like to line up

the terms in a series with their index numbers above them like this:

n = 1 2 3 4

an = 4 8 12 16

Now I look for a pattern: what do I have to do to n to get its corresponding an? In this

pattern, I notice that I can get the value for an by multiplying its n by 4. In other words:

each term in this series is generated by multiplying its index number by 4: the first term

(with n = 1) is a1 = 4× 1 = 4. The second term (with n = 2) is a2 = 4× 2 = 8. The third

term (with n = 3) is a3 = 4 × 3 = 12 and the fourth is a4 = 4 × 4 = 16. So our series can

be described by the pattern 4n (remember: this means 4× n).

Other times, finding a pattern is not as easy as just multiplying. Here’s another example:

n = 1 2 3 4

an = 2 7
2

5 13
2

At first glance, I thought that the pattern for this series was 2n since n = 1 correctly gives

us a1 = 2 × 1 = 2 with this pattern. However, it does not work for n = 2 since 2 × 2 6= 7
2
.

Therefore, 2n does not describe this pattern. Looking closer at the table, I see that some of

the terms are being divided by two. So maybe my pattern is a fraction over two! Looking

at my first term again, I know that dividing 4 by 2 gives me 2. Since I now know that my

pattern is a fraction with denominator 2, I also know that the numerator of my pattern has
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to give me 4 when I substitute n = 1 for the first term in order for me to correctly get a1 = 2.

So I try the pattern 3n+1
2

, which fits this criteria. When I substitute n = 1 into this pattern,

I get 4/2 = 2. This is the correct first term. I try it again with the rest of my terms and

this pattern correctly describes every term, so my pattern is 3n+1
2

.

Try finding a pattern for these series:

n = 1 2 3 4

an = 8 9 10 11

n = 1 2 3 4

an = 8 13 18 23

n = 1 2 3 4

an = 0 4 8 12

Pattern: Pattern: Pattern:

Exercise: Write each of the five series above in sum notation.

Arithmetic Series
If you add up the terms of an arithmetic sequence, you will get an arithmetic series. In

other words: when each term in an arithmetic series is listed out, you get an arithmetic se-

quence. Remember that a sequence is a list of numbers whereas a series is a sum (numbers

added together).

For example, this is a series: 2 + 4 + 6. When we list out the terms in this series we get

{2, 4, 6}. This is an arithmetic sequence. So 2 + 4 + 6 is an arithmetic series.

Here are some useful formulas for arithmetic sequences and series: (Don’t panic! Keep

reading.)

an = (n− 1)× d+ a1 Sn = n×
(a1 + an

2

)
d = an − an−1

The first equation lets you find any term of an arithmetic sequence or series. d is the com-

mon difference, n is the index number you’re interested in, and an is the term at the index

you’re looking for. a1 (the term at index 1) is the first term of the sequence or series.

The second formula gives you the sum of the first n terms. Again, a1 is the first term. an

is the last term. Sn is the value of the series up to the nth term. For example, if you were

interested in the value of the series from the first term up to the 3rd term, you would be

looking for S3 and your last term would be a3 (just replace the little n on the bottom with

the correct index). In other words, S3 = a1 + a2 + a3.

The last equation lets you find the common difference (d) of an arithmetic series: an is the

nth term in a sequence and an−1 is the term immediately before it. Use the formula to find
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d for the sequence {3, 15, 27, 39}. Remember, a1 = 3, a2 = 15 and so on. The answer is the

same no matter which n you choose.

Example 3:

Find the sum of the first fifteenth terms of the arithmetic sequence {2, 4, 6, 8, . . . , a15}
(the three dots in the question represent the missing terms between 8 and a15).

The sum of the first fifteen terms is S15. To find it, we will use the second formula and

replace every n in this formula with the number 15 because that is the index of the 15th

term:

S15 = n× a1 + an
2

= 15× a1 + a15
2

However, we can’t use this formula yet because we don’t know what the value of a15 (the

fifteenth term in the sequence) is. We can find it using the first formula and replacing every

n in that formula with 15 as well:

a15 = (n− 1)× d+ a1

= (15− 1)× d+ a1

= 14× d+ a1

But we have the same problem here because we don’t know the value for d ! Of course, we

can calculate it by using the third formula.

So let’s find the common difference of this sequence. From the third formula, we know

that d = an − an−1. So let’s pick n = 4. This decision is arbitrary because the common

difference will be the same regardless of which n you pick. In this case, our formula becomes

d = a4 − a4−1 = a4 − a3. We compare this to our sequence. a4 is the fourth term, which

is 8 and a3 is the third term, which is 6 in this sequence. So the formula then becomes:

d = 8− 6 = 2. Our common difference is 2.

Next, we need to find out what a15 is. We can use the first formula for that. We replace

d with the common difference of the sequence (which is 2) and we replace a1 with the first
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term of the sequence (which is also 2):

a15 = (n− 1)× d+ a1

= (15− 1)× 2 + 2

= 14× 2 + 2

= 28 + 2

= 30

So the fifteenth term in this sequence is 30.

Next, we use the second formula to find the sum of the first fifteen terms of this sequence.

This is the series S15 = 2 + 4 + 6 + 8 + ...+ 30:

S15 = 15×
(a1 + a15

2

)
= 15×

(2 + 30

2

)
= 15×

(32

2

)
= 15× 16

= 240

So the sum of the first fifteen terms of this sequence is 240.

Exercise: Go back to the question on the top of page 1. Find a pattern for the number of

bricks in each row and use sum notation to solve the problem. After that, solve the problem

again using the formulas on page 6. You should get the same answer. Which method was

quicker?
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Exponents
Adding the same number lots of times gets tedious, so we invented a shorthand for it called

multiplication. Recall:
0 2× 0

2 2× 1

2 + 2 2× 2

2 + 2 + 2 2× 3

We use something called exponents to represent multiplying the same number lots of times:

1 20

2 21

2× 2 22

2× 2× 2 23

Before we continue, notice: 2×0 is not equal to 20. This is covered in the Kinematics lesson.

In the right column of this table, the number in big font is called the base and the number

in small font is called the exponent. This comes in handy for what we’re going to talk

about next.

Geometric Series
If you add up terms of a geometric sequence, you will get a geometric series. In other

words: when the terms of a geometric series are listed out, you will get a geometric sequence.

Here are some useful formulas for geometric sequences and series: (r is the common ratio of

the sequence.)

an = a1 × rn−1 Sn = a1 ×

(
rn − 1

r − 1

)
r =

an
an−1

Geometric series are easy to identify in sum notation. Their patterns are represented using

exponents. Here’s an example:

4∑
n=1

(
2n
)

= 21 + 22 + 23 + 24 = 2 + 4 + 8 + 16

What’s more is that you can find the common ratio just by looking at this sum! The com-

mon ratio is the base of the exponent in the pattern. In this case, the common ratio is 2.

Notice that the base does not change regardless of which n you look at: in other words, the

common ratio is constant. For this series, the common ratio is always 2.

9



Example 4:

Find the sum of the first 10 terms of the sequence {3, 9, 27, . . . , a10}.
This is similar to example 3. We need to find S10 so we replace every n in the second formula

with 10:
S10 = a1 ×

rn − 1

r − 1

= a1 ×
r10 − 1

r − 1

In this case, we don’t need to find a10 to solve this problem but we do need to know the

value of the common ratio, r.

We can use the third formula and choose n = 2 to find the common ratio. Again, this

decision is arbitrary for the same reason it was when we found the common difference: the

values of d (for arithmetic sequences and series) and r (for geometric sequences and series)

are constant. In this case, our formula for the common ratio of this sequence becomes:

r =
a2
a2−1

=
a2
a1

=
9

3
= 3

when we compare a1 and a2 to the terms of this sequence. So our common ratio is 3.

Now we can return to the second formula to find the value for S10. Replacing r with 3:

S10 = a1 ×
rn − 1

r − 1

= 3× 310 − 1

3− 1

= 3× 59049− 1

3− 1

= 3× 59048

2

= 3× 29524

= 88572

So the sum of the first 10 terms of this series is 88572.
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Exercise:

1. Write out the geometric series and give its value. State the common ratio for each.

(a)
4∑

n=1

(3n)

(b)
3∑

n=1

(5n)

(c)
5∑

n=1

(12n)

2. Write the geometric series in sum notation.

(a) 1 + 5 + 25 + 125

* (b) 1
3

+ 1
9

+ 1
27

Hint:
(
x
y

)n
=
(
xn

yn

)
3. Find the 13th term of each geometric series in Questions 1 and 2.

4. Find the sum of the first 13 terms of each geometric series in Questions 1 and 2.

Infinite Series
When we were talking about arithmetic series, I used three dots to represent missing terms

in this series: 2 + 4 + 6 + 8 + . . . + 30. I did this because it was faster than writing out all

the terms between 2 and 30. There is enough information about the pattern in the first few

terms to fill out the missing information: In this example, we see that the pattern is 2n and

so the next term after 8 must be 10. The dots simply mean “keep counting” by following

this pattern. We also know that we have to stop counting when we reach 30 because it is

the last number and there are no more dots after it.

But what if I put the dots at the end of the series? 2 + 4 + 6 + 8 + . . .

There is no number at the end telling me when to stop, so I just keep counting forever! In

math, we would say that there are “infinitely many missing terms”. Therefore, series that

go on forever like this are called infinite series. On the other hand, series that end are

called finite series.

I can do this with sequences too. A sequence that goes on forever is an infinite sequence

and a sequence that ends is a finite sequence. For example: {2, 4, 6, 8, 10, 12, 14} and

{2, 4, 6, . . . , 14} are both finite sequences (in fact, they are the same sequence!). On the

other hand, {2, 4, 6, 8, . . .} is an infinite sequence. Adding up the terms of a finite sequence

will give you a finite series and adding up the terms of an infinite sequence will give you an

infinite series, as expected.
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In sum notation, a finite series can be written with its last term’s index number on top of

the sigma. However, an infinite series never ends so we never stop adding. To signify this,

we put an infinity sign (∞) on top of the sigma instead.

In sum notation: 2 + 4 + 6 + 8 + . . . =

(
∞∑
n=1

2n

)
is an infinite series. This is when sum

notation comes in very handy.

Some of the most interesting problems in mathematics involve infinite series. If you continue

to do math in university, you will learn how to find the value of an infinite series, thereby

adding an infinite amount of numbers! Mathematicians like Euler were famous for solving

such problems. Here are only a few of the amazing results you can get when you add in-

finitely many numbers together (don’t worry if you can’t understand these − this is well

beyond the scope of this lesson and purely for interest):

∞∑
n=1

1

n2
= 1 +

1

4
+

1

9
+

1

16
+ . . . =

π2

6

∞∑
n=1

1

2n
=

1

2
+

1

4
+

1

8
+

1

16
+

1

32
+ . . . = 1

∞∑
n=1

(−1)n+1

n
= 1− 1

2
+

1

3
− 1

4
+

1

5
− . . . = 0.693 (approximately)

If you’re interested in learning more about these series, the first one is called the p-series

with p = 2 and the last one is called the alternating harmonic series.
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Activities

1. State the common difference of each arithmetic series:

(a) 7 + 12 + 17 + 22 + 27

(b) 8 + 11 + 14 + 17 + 20

(c) 10 + 20 + 30 + 40 + 50

(d) 5 + 22 + 39 + 56 + 73

2. State the common ratio of each geometric series:

(a) 4 + 16 + 64 + 256 + 1024

(b) 125 + 625 + 3125 + 15625 + 78125

(c) 2048 + 4096 + 8192 + 16384

(d) 8
27

+ 16
81

+ 32
243

+ 64
729

3. Find the eighteenth term of each arithmetic series in Question 1.

4. Find the ninth term of each geometric series in Question 2.

5. Find the value of the following series by writing them out:

(a)
4∑

n=1

(n)

(b)
4∑

n=1

(
1
2
× n

)
(c)

5∑
n=1

(9n− 3)

(d)
3∑

n=1

(6n)

6. Determine if the series is arithmetic or geometric and calculate its value.

(a)
10∑
n=1

(2
3
)n

(b)
100∑
n=1

2(n+ 1)

7. True or false?

(a) A series is a summed list of numbers following some pattern

(b) A sequence is a list of numbers following some pattern
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(c) Numbers in a sequence always get bigger

(d) The common difference is the same for every n

(e) The common ratio is not the same for every n

(f) You can only find the sum of a sequence that ends

(g) Only an arithmetic sequence or series has a common difference

(h) Only a geometric sequence or series has a common ratio

8. Determine if the infinite series is arithmetic or geometric. State the common difference

or ratio.

(a) 6 + 10 + 14 + 18 + 22 + . . .

(b) 4 + 20 + 36 + 52 + . . .

(c) 5 + 12 + 19 + 26 + . . .

(d) 5 + 15 + 45 + 135 + . . .

(e)
∞∑
n=1

(1
2
)n = 1

2
+ 1

4
+ 1

8
+ . . .

9. Find the 101st term of each series in Question 8.

10. Find S6 for each series in Question 8. This is called the “sixth partial sum”.

11. Determine if the series is arithmetic, geometric, neither, or both. If the series is

geometric or arithmetic, determine its value by adding. Then find its value using

the correct formula for Sn.

Hint: only one of them is neither and only one of them is both.

(a) 6 + 7 + 8 + 9 + 10

(b) 9 + 16 + 23 + 30

(c)
4∑

n=1

(2n + 1)

(d) 1 + 1 + 1 + 1 + 1

12. I want to read a 1050 page book and I read 10 pages the first day, 14 pages the next day,

18 pages the day after that and so on. I will read 90 pages on the last day. Describe

the pattern. How many days will it take me to finish the book?

13. If my friend Scarlett wants to read the same book but only reads 2 pages the first day,

4 pages the next day, and 8 pages the next day, how long will it take her to finish the

book?
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* 14. Find the sum of the fourth to fifteenth terms of the following infinite series:

(a)
∞∑
n=1

(2n)

(b)
∞∑
n=1

(2n)

(c)
∞∑
n=1

(5n− 4)

(d)
∞∑
n=1

(1n)

* 15. The sum of the interior angles of a triangle (3 sides) is 180, of a quadrilateral (4 sides)

is 360, and of a pentagon (5 sides) is 540. Use this to describe the pattern and find

the sum of the interior angles of a dodecagon (12 sides). If the dodecagon is regular,

what is the measure of one interior angle?

Hint: the index does not have to start at n = 1. In particular, try starting the index

at 3 and use the table below to help you find the pattern:

n = 3 4 5 . . . 12

an = 180 360 540 . . . ?

* 16. (a) The first four triangular numbers 1, 3, 6, and 10 are illustrated in the diagram.

What is the tenth triangular number?

(b) How many balls would you need to construct 12 pyramids if you followed this

pattern?

(c) Refer to the diagram above. Call the pyramid with 1 ball Pyramid 1. The pyramid

with three balls is Pyramid 2, the pyramid with 6 balls is Pyramid 3, the pyramid

with 10 balls is Pyramid 4, and so on. Which pyramid is constructed out of

exactly 2016 balls?

* denotes a hard question.
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** 17. Starting with the sum of the first 1000 positive integers, 1 + 2 + 3 + . . .+ 999 + 1000,

every third integer is removed to create the new sum

1 + 2 + 4 + 5 + 7 + 8 + 10 + 11 + . . .+ 998 + 1000

Give the value of the new sum.

*** 18. The positive integers are arranged in rows and columns, as shown, and described below.

A B C D E F G

Row 1 1 2 3 4 5 6

Row 2 12 11 10 9 8 7

Row 3 13 14 15 16 17 18

Row 4 24 23 22 21 20 19
...

...
...

...
...

...
...

...

The odd numbered rows list six positive integers in order from left to right beginning

in column B. The even numbered rows list six positive integers in order form right to

left beginning in column F.

(a) Determine the largest integer in row 30

(b) Determine the sum of the six integers in row 2012

(c) Determine the row and column in which the integer 5000 appears

(d) For how many rows is the sum of the six integers in the row greater than 10 000

and less than 20 000?
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