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Senior Math Circles

Wednesday, March 22, 2017

Problem Set

1. Which of the following can be drawn without removing your pen(cil) from the sheet of
paper or going over any line more than once? (From Graph Theory With Applications,
J.A. Bondy and U.S.R. Murty)

Solution: We saw that a graph had an eulerian circuit if and only if no vertices have odd
degree. To create an eulerian path, we need the graph to have at most two vertices of odd
degree (the start and end points of our graph can have odd degree). Seen as a graph, the
first figure has only two vertices of odd degree; the second has four; the third has two.
Therefore the first and third can be drawn without lifting your writing implement from
the page and without re-tracing lines (edges).

2. We call a graph G simple if it has no repeated edges, and if no edges start and end at the
same vertex. Show if G is simple that |E(G)| ≤

(|V (G)|
2

)
.

Solution: If G is simple, then the maximum number of edges is just the maximum number
of ways in which we can choose a unique set of two vertices —i.e.

(|V (G)|
2

)
.

3. Let G be a graph in which each vertex has either degree 1 or degree 3. Show that |V (G)|
is even.

Solution: By the handshaking lemma, a graph has an even number of odd-degree vertices.
Since every vertex in G has odd degree, |V (G)| must be even.

4. Let G be a graph in which every vertex has degree 1 or degree 3. Suppose |E(G)| = |V (G)|.
Show G has the same amount of degree 1 and degree 3 vertices. BONUS: What happens
if G is not necessarily connected?

Solution: Let x be the number of degree 1 vertices, and let y be the number of degree 3
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vertices. By the handshaking lemma:

2|E(G)| =
∑

v∈V (G)

deg(v)

2|E(G)| = 1x + 3y

2|V (G)| = x + 3y, since |E(G)| = |V (G)|
2(x + y) = x + 3y, since every vertex has degree 1 or 3

x = y, as required.

5. Show that any simple, connected graph G with at least 2 vertices contains two vertices of
the same degree. (Hint: use the pigeonhole principle.)
Solution: Let n = |V (G)|. Since G is simple and connected, each vertex in G has degree
either 1, 2, . . . , n−1. In other words, every vertex has n−1 options for its degree. However,
there are n vertices. Therefore, there must be two vertices that share the same degree.
If G is not connected, the same argument holds for each of the separate components that
have more than one vertex. If none of the components have more than one vertex, then
there are two vertices of degree 0.
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