The CENTRE for EDUCATION

in MATHEMATICS and COMPUTING
cemc.uwaterloo.ca

2015 FEuclid Contest

Wednesday, April 15, 2015

(in North America and South America)

Thursday, April 16, 2015

(outside of North America and South America)

Solutions

(©2015 University of Waterloo




2015 Euclid Contest Solutions Page 2

1.

(a)

102 -9*  100—81 19

0+9 19 19
Alternatively, we could factor 10? — 92 as a difference of squares to obtain

1.

Evaluating,

12_ 2 —
02-9 (1049109 o
1049 1049

noting that 10 + 9, which we divided from the numerator and denominator, is not equal
to 0.

1
Since +4:4, then v +1=4(z +4) and so x + 1 = 4z 4 16 or 3z = —15.

Therefore, 3z +8 = —154+8 = —7.
Alternatively, we could note that since 3x = —15, then z = —5.
Thus, 3xr +8 =3(—5)+8=—-15+8 = —T.

Since f(x) =2x — 1, then f(3) =2(3) —1=5.
Therefore, (£(3))2 +2(f(3)) +1 =5 +2(5) +1=25+10+1 = 36.
Alternatively, we could note that since f(z) = 2z — 1, then

(f(@)* +2(f(2)) +1=(f(2) +1)* = (22 — 1+ 1)* = 4a”

and so (f(3))* +2(f(3)) +1 = 4(3%) = 36.

Since v/a + y/a = 20, then 2\/a = 20 or y/a = 10, and so a = 10? = 100.

Let the radius of the larger circle be r.

Since the radius of the smaller circle is 1, then its area is 7 - 12 = .

Since the area between the circles is equal to the area of the smaller circle, then the area
of the larger circle is 7 + 7w = 2.

Thus, 712 = 27 or 72 = 2. Since r > 0, then r = /2.

Since 30 students had an average mark of 80, then the sum of the marks of these 30 stu-
dents was 30 - 80 = 2400.

After 2 students dropped the class, there were 28 students left. Their average mark was
82.

Thus, the sum of the marks of the remaining 28 students was 28 - 82 = 2296.

Therefore, the sum of the marks of the 2 students who dropped the class was 2400 — 2296

104
or 104, and so their average mark was - = 52.
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3. (a) Solution 1
Join AD.
Since BC' = CD and BD =4, then BC =CD = 2. Also, AB = BC =2.
Since AABC' is equilateral, then ZABC = ZACB = 60°.
Since ZACB = 60°, then ZACD = 180° — ZAC'B = 180° — 60° = 120°.

A

2 L 60°\120° b
T 1
2 C 2

Since AC'= CD, then AACD is isosceles with Z/CDA = ZCAD.
Each of these angles equals $(180° — ZACD) = 1(180° — 120°) = 30°.
Since ZABD = 60° and ZADB = 30°, then ZBAD = 90° and ADBA is a 30°-60°-90°

triangle.
Therefore, AD = V3AB = 24/3.

Solution 2

Join AD.

Since BC = CD and BD =4, then BC = CD = 2. Also, AC=CD = 2.
Since ZAC'B = 60°, then ZACD = 180° — ZACB = 180° — 60° = 120°.
By the cosine law in AACD,

AD?* = AC?+ CD?*—-2(AC)(CD)cos(LACD)
= 2%+ 2% —2(2)(2) cos 120°
= 4+4-8(—13)
= 12

Since AD? =12 and AD > 0, then AD = /12 = 2/3.

Solution 3

Join AD and drop a perpendicular from A to E on BC.

Since BC = CD and BD =4, then BC =CD = 2. Also, AB = BC =2.
Since AABC' is equilateral, then ZABC = ZACB = 60°.

Since ZABC = 60° and ZAEB = 90°, then AABE is a 30°-60°-90° triangle.
Thus, AE = Y2AB = /3.

Since ZACB = 60°, then ZACD = 180° — ZAC'B = 180° — 60° = 120°.

A

B 60°\120° | D
E C

Since AC'= CD, then AACD is isosceles with Z/CDA = ZCAD.
Each of these angles equals $(180° — ZACD) = $(180° — 120°) = 30°.
But ADAEFE is then a 30°-60°-90° triangle, so AD = 2AFE = 2/3.
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(b) Points N(5,3) and P(5,¢) lie on the same vertical line. We can consider NP as the base
of AMN P. Suppose that the length of this base is b.
The corresponding height of AMN P is the distance from M (1,4) to the line through N
and P. Since M lies on the vertical line x = 1 and N and P lie on the vertical line x = 5,
then the height is h = 4.

A

PG5, c)

NG, 3)

PS5 ¢c)

Since the area of AM NP is 14, then %bh = 14.

Since h = 4, then 1b(4) =14 or 2b =14 and so b =T.

Therefore, P(5,¢) is a distance of 7 units away from N (5, 3).

Since N P is a vertical line segment, then c =3+ 7 or c =3 —7, and so ¢ = 10 or ¢ = —4.
The sum of these two values is 10 + (—4) = 6.

(We could also have noted that, since the two values of ¢ will be symmetric about y = 3,
then the average of their values is 3 and so the sum of their values is 2 -3 = 6.)

4. (a) To find the y-intercept, we set z = 0 and obtain
y=(=1(=2)(=3) = (=2)(=3)(—4) = (=6) — (-24) =18 .
To find the z-intercepts, we first simplify using common factors:
y = (z=1)(z=2)(z=3)=(2-2)(z=3)(z—4) = (z=2)(z=3) ((x — 1) — (x — 4)) = 3(z—2)(2—3)

To find the a-intercepts, we set y = 0 and obtain 3(z — 2)(x — 3) = 0 which gives x = 2
or r = 3.
Therefore, the y-intercept is 18 and the z-intercepts are 2 and 3.

(b) To find the points of intersection of the graphs with equations y = 2 — 2? + 3z — 4 and
y = ax® — x — 4, we equate values of y and solve for x.
We want to find all values of a for which there are exactly two values of x which are
solutions to 23 — 2% + 3z — 4 = az? — v — 4.
Solving, we obtain

-2 +3r -4 = ar’—2x—4
=2 —ar® +4r = 0
2* —(a+1)2*+4z = 0
vz —(a+ Dz +4) = 0

Therefore z =0 or 22 — (a + 1)z +4 = 0.
Note that 2 = 0 is not a solution to 22 — (a4 1)z +4 = 0, since when z = 0 is substituted
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into the left side, we obtain 4 and not 0.

Therefore, for there to be exactly two points of intersection between the two graphs, the
quadratic equation 2% — (@ + 1)x + 4 = 0 must have exactly one solution.

Setting the discriminant equal to 0 (to obtain a single root), we obtain (a+1)?—4(1)(4) =0
or (a+1)? = 16, which gives a + 1 = +4.

Ifa+1=4,thena=3;ifa+ 1= —4, then a = —5.

Therefore, the values of a for which the graphs with equations y = 2% — 22 + 32 — 4 and

y = ax® — x — 4 intersect at exactly two points are a = 3 and a = —5.
(We can check that y = 2® — 2%+ 3z — 4 and y = 322 — x — 4 intersect exactly when z = 0
and x = 2, and that y = 2% — 22 + 32 — 4 and y = —52% — o — 4 intersect exactly when

r=0and x = —2.)

5. (a) Suppose that AB = AC = DE = .
Since DB =9, then AD = x — 9.
Since EC' = 8, then AE =z — 8.
By the Pythagorean Theorem in AADE,
AD*+ AE®* = DE?
(x—9)2+ (v —8)* = 2?
2’ — 18z + 81 + 2 — 162 + 64 =
1? — 3x + 145 =
(x —=5)(x—29) =

S O 8 R

Therefore, x =5 or x = 29.
Since © > 9 (because AB > DB =9), then DE = 29.

(b) Since each list contains 6 consecutive positive integers and the smallest integers in the lists
are a and b, then the positive integers in the first list are a,a + 1,a+ 2,a+3,a+4,a+5
and the positive integers in the second list are b,b+ 1,0+ 2,0+ 3,b+ 4,b+ 5.

Note that 1 < a < b.

We first determine the pairs (a, b) for which 49 will appear in the third list, then determine
which of these pairs give a third list that contains no multiple of 64, and then finally keep
only those pairs for which there is a number in the third list larger than 75.

The first bullet tells us that 49 is the product of an integer in the first list and an integer
in the second list.

Since 49 = 72 and 7 is prime, then these integers are either 1 and 49 or 7 and 7.

If 1 is in one of the lists, then either a = 1 or b = 1. Since 1 < a < b, then it must be that
a=1.

If 49 is in the second list, then one of b,b + 1,b+ 2,0+ 3,b+ 4,b + 5 equals 49, and so
44 < b < 49.

Therefore, for 1 and 49 to appear in the two lists, then (a,b) must be one of

(1,49), (1,48), (1,47), (1,46), (1,45), (1, 44) .

If 7 appears in the first list, then one of a,a + 1,a + 2,a + 3,a + 4,a + 5 equals 7, so
2 < a < 7. Similarly, if 7 appears in the second list, then 2 < b < 7.

Therefore, for 7 to appear in both lists, then, knowing that a < b, then (a,b) must be one
of

(2,3),(2,4),(2,5),(2,6),(2,7),(3,4),(3,5),(3,6),(3,7), (4,5), (4,6), (4,7), (5,6), (5,7), (6,7) .
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The second bullet tells us that no pair of numbers in the first and second lists have a
product that is a multiple of 64.

Given that the possible values of a and b are 1,2,3,4,5,6,7,44,45,46,47,48,49, then the
possible integers in the two lists are those integers from 1 to 12, inclusive, and from 44 to
54, inclusive. (For example, if the first number in one list is 7, then the remaining numbers
in this list are 8, 9, 10, 11, 12.)

There is no multiple of 32 or 64 in these lists.

Thus, for a pair of integers from these lists to have a product that is a multiple of 64, one
is a multiple of 4 and the other is a multiple of 16, or both are multiples of 8.

If (a,b) = (1,48),(1,47),(1,46), (1,45), (1,44), then 4 appears in the first list and 48 ap-
pears in the second list; these have a product of 192, which is 3 - 64.

If (a,b) = (1,49), there is a multiple of 4 but not of 8 in the first list, and a multiple of 4
but not of 8 in the second list, so there is no multiple of 64 in the third list.

If (a,b) = (3,4),(3,5),(3,6),(3,7),(4,5),(4,6),(4,7),(5,6),(5,7),(6,7), then 8 appears in
both lists, so 64 appears in the third list.

If (a,b) = (2,3),(2,4),(2,5),(2,6),(2,7), then there is no multiple of 8 or 16 in the first
list and no multiple of 16 in the second list, so there is no multiple of 64 in the third list.
Therefore, after considering the first two bullets, the possible pairs (a, b) are (1,49), (2, 3),
(2,4),(2,5),(2,6),(2,7).

The third bullet tells us that there is at least one number in the third list that is larger
than 75.

Given the possible pairs (a, b) are (1,49), (2,3), (2,4), (2,5), (2,6), (2, 7), the corresponding
pairs of largest integers in the lists are (6, 54), (7,8),(7,9), (7,10), (7,11), (7,12).

The corresponding largest integers in the third list are the products of the largest integers
in the two lists; these products are 324, 56,63, 70, 77, 84, respectively.

Therefore, the remaining pairs (a, b) are (1,49),(2,6), (2,7)

Having considered the three conditions, the possible pairs (a,b) are (1,49),(2,6),(2,7).
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6.

(a)

We are told that when a, b and ¢ are the numbers in consecutive sectors, then b = ac.
This means that if ¢ and b are the numbers in consecutive sectors, then the number in the

b
next sector is ¢ = —. (That is, each number is equal to the previous number divided by

a
the one before that.)
Starting with the given 2 and 3 and proceeding clockwise, we obtain

3 3 3/2 1 1/2 1 1/3 2 2/3_2 2_3 3
T2t 3 27 3/2 3 12 3 1/3 7 2/30 T2
After the first 6 terms, the first 2 terms (2 and 3) reappear, and so the first 6 terms will
repeat again. (This is because each term comes from the previous two terms, so when

two consecutive terms reappear, then the following terms are the same as when these two
consecutive terms appeared earlier.)

36
Since there are 36 terms in total, then the 6 terms repeat exactly — = 6 times.
3 1 1 2
Therefore, the sum of the 36 numbers is 6 (2 +3+ stst 3 + 5) = 6(2+3+2+1) =48.
We consider two cases: z > —1 (that is, v +1 > 0) and = < —1 (that is, v +1 < 0). Note
that x # —1.

Case 1: z > —1

x? —

1
positive, to obtain 0 < z? — 11 < 7Tz ++7.
Thus, 22 —11 >0 and 22 — 11 < Tz + 7.
From the first, we obtain 2 > 11 and so > /11 or < —/11.

Since x > —1, then x > v/11. (Note that —/11 < —1.)

From the second, we obtain z*> — 7z — 18 < 0 or (z — 9)(z + 2) < 0. Thus, -2 < x < 9.
(Since y = x? — 7x — 18 represents a parabola opening upwards, its y-values are negative
between its z-intercepts.)

Since z > —1 and -2 < x <9, then —1 < x < 9.

Since z > V11l and -1 <z < 9, then the solution in this case is V1l <z < 9.

1
We take the given inequality 0 < < 7 and multiply through by = + 1, which is

Case 2: z < —1

x? —

1
negative, to obtain 0 > 2% — 11 > 7z —:_7.
Thus, 22 — 11 < 0 and 22 — 11 > 72 + 7.
From the first, we obtain 22 < 11 and so V11 <z < V11.

Since 2 < —1 and =1l <z < \/ﬁ, then —V11 < z < —1.

From the second, we obtain 22 — 7z — 18 > 0 or (z — 9)(z + 2) > 0. Thus, z < —2 or
x> 9. (Since y = 22 — 7z — 18 represents a parabola opening upwards, its y-values are
positive outside its z-intercepts.)

Since © < —1, we obtain z < —2.

Since —V11 <2z < —1 and z < —2, then the solution in this case is V1l <z < =2.

2

1
< 7 and multiply through by x + 1, which is

We take the given inequality 0 <

1
In summary, the values of x for which 0 < < 7 those r with —v/11 < x < —2 and

those £ with v11 < 2z < 9.

X
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7. (a)

Join BE.

F E D

Since AFBD is congruent to AAEC, then FFB = AFE.

Since AFAB and AAFFE are each right-angled, share a common side AF and have equal
hypotenuses (F'B = AF), then these triangles are congruent, and so AB = FE.

Now BAFE has two right angles at A and F' (so AB and F'E are parallel) and has equal
sides AB = F'E so must be a rectangle.

This means that BCDFE is also a rectangle.

Now the diagonals of a rectangle partition it into four triangles of equal area. (Diagonal
AFE of the rectangle splits the rectangle into two congruent triangles, which have equal
area. The diagonals bisect each other, so the four smaller triangles all have equal area.)
Since i of rectangle ABEF is shaded and ;11 of rectangle BCDF is shaded, then }1 of the
total area is shaded. (If the area of ABEF is z and the area of BCDFE is y, then the total
shaded area is %x + }Ly, which is i of the total area x + y.)

Since AC' = 200 and C'D = 50, then the area of rectangle ACDF is 200(50) = 10000, so
the total shaded area is (10 000) = 2500.

Suppose that the arithmetic sequence ay, as, as, ... has first term a and common differ-
ence d.
Then, for each positive integer n, a, = a + (n — 1)d.
Since a; = a and as = a + d and a; # as, then d # 0.
. . . a2 Qe 2
Since aq, as, ag form a geometric sequence in that order, then — = — or (a2)* = a;as.
aq a9
Substituting, we obtain

(a+d)?* = ala+5d)
a’+2ad+d* = a®+5ad
> = 3ad
d = 3a (since d # 0)

Therefore, a, =a+ (n —1)d=a+ (n — 1)(3a) = (3n — 2)a for each n > 1.
Thus, a4 = (3(4) — 2)a = 10a, and a; = (3k — 2)a. (Note that a; = (3(1) — 2)a = a.)
For ay, a4, ai, to also form a geometric sequence then, as above, (a4)? = ajag, and so

(10a)*> = (a)((3k —2)a)
100a®> = (3k —2)a®

Since d # 0 and d = 3a, then a # 0.

Since 100a? = (3k — 2)a? and a # 0, then 100 = 3k — 2 and so 3k = 102 or k = 34.
Checking, we note that a; = a, ay = 10a and a3y, = 100a which form a geometric sequence
with common ratio 10.

Therefore, the only possible value of k is k = 34.
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8. (a) First, we note that since k is a positive integer, then k > 1.
Next, we note that the given parabola passes through the point (0, —5) as does the given
2

0
circle. (This is because if x = 0, then y = T~ 5 = =5 and if (z,y) = (0,—5), then

2?2 +y? = 02+ (=5)? = 25, so (0, —5) satisfies each of the equations.)

Therefore, for every positive integer k, the two graphs intersect in at least one point.

If y = =5, then 22 + (=5)? = 25 and so 22 = 0 or x = 0. In other words, there is one
point on both parabola and circle with y = —5, namely (0, —5).

Now, the given circle with equation z? 4+ y* = 25 = 5% has centre (0,0) and radius 5.
This means that the y-coordinates of points on this circle satigfy -5 <y <h.

x
To find the other points of intersection, we re-write y = - 5 as ky = 2% — 5k or
1? = ky + 5k and substitute into 2% 4+ y? = 25 to obtain

(ky +5k) +y* = 25
y? + ky + (5k — 25) =
(y+5)(y+(k=5) = 0

andsoy=—-5ory=>5—k.

(We note that since the two graphs intersect at y = —5, then (y + 5) was going to be a
factor of the quadratic equation y? + ky + (5k —25) = 0. If we had not seen this, we could
have used the quadratic formula.)

Therefore, for y = 5 — k to give points on the circle, we need —5 <5 —k and 5 — k < 5.
This gives £ < 10 and k£ > 0.

Since k is a positive integer, the possible values of k to this point are k = 1,2,3,4,5,6,7, 8,9, 10.
If k=1, then y =5 — 1 = 4. In this case, 2° +4%2 = 25 or 22 = 9 and so z = £3.

This gives the two points (3,4) and (—3,4) which lie on the parabola and circle.
Consider the three points A(3,4), B(—3,4) and C(0, —5).

Now AB is horizontal with AB = 3 — (—3) = 6. (This is the difference in z-coordinates.)
The vertical distance from AB to C is 4 — (=5) = 9. (This is the difference in y-
coordinates.)

Therefore, the area of AABC is 1(6)(9) = 27, which is a positive integer.

We now repeat these calculations for each of the other values of £ by making a table:

k| y |x=24/25—1y? Base Height Area of triangle
1] 4 +3 3—(-3)=64—(-5)=9 27
2| 3 +4 4—(—4)=8|3—-(-5)=8 32
3| 2 ++/21 2v/21 7 721
411 ++/24 2v/24 6 6v/24
510 +5 10 5 25
6 | —1 ++/24 2v/24 4 4/24
7| =2 ++/21 2v/21 3 3v21
8 | —3 +4 8 2 8

9 | —4 +3 6 1 3
10| =5 0

When £ = 10, we have y = 5 — k = —5 and = = 0 only, so there is only one point of
intersection.

Finally, the values of k for which there are three points of intersection and for which the
area of the resulting triangle is a positive integer are k = 1,2,5,8,9.
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(b) Suppose that M is the midpoint of Y Z.
Suppose that the centre of the smaller circle is O and the centre of the larger circle is P.
Suppose that the smaller circle touches XY at C' and X Z at D, and that the larger circle
touches XY at F and XZ at F.
Join OC', OD and PE.
Since OC and PFE are radii that join the centres of circles to points
of tangency, then OC and PFE are perpendicular to XY
Join X M. Since AXY Z is isosceles, then X M (which is a median
by construction) is an altitude (that is, XM is perpendicular to
Y Z) and an angle bisector (that is, ZMXY = /ZMXZ). CAJAAD
Now X M passes through O and P. (Since XC and XD are tan-
gents from X to the same circle, then XC' = X D. This means that g F
AXCO is congruent to AX DO by side-side-side. This means that P
ZO0X(C = ZOXD and so O lies on the angle bisector of ZCX D,
and so O lies on X M. Using a similar argument, P lies on XM.) Y M VA
Draw a perpendicular from O to T on PE. Note that OT is parallel
to XY (since each is perpendicular to PE) and that OCET is a
rectangle (since it has three right angles).
Consider AXMY and AOTP.
Each triangle is right-angled (at M and at T).
Also, ZYXM = ZPOT. (This is because OT is parallel to XY, since both are perpen-
dicular to PE.)

Therefore, AX MY is similar to AOTP.
XY OP
Thus, =

YM  PT

Now XY =a and YM = %b.

Also, OP is the line segment joining the centres of two tangent circles, so OP =r + R.
Lastly, PI'= PE—ET = R—r,since PE = R, ET = OC = r, and OCET is a rectangle.

Therefore,
a _ R+r
b/2  R—r
2a¢ _ R+
b R-r
2a(R—71) = b(R+7)
2aR — bR = 2ar+br
R(2a—b) = r(2a+b)
R 2a +b
oo zx (since 2a > b so 2a — b # 0, and r > 0)
r 2a —b
Therefore, 2a+5

T 2a—0b
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9. Using logarithm rules log(uv) = logu + logv and log(s') = tlogs for all u,v,s > 0, the first
equation becomes

(log z)(logy) — 3logh — 3logy — log8 — logx =

I
2 2 2 2 8

(logz)(logy) — logx — 3logy — log 8 — log 5°
(log z)(logy) — logx — 3logy — log(8 - 125)
(logx)(logy) — log x — 3logy — log(1000) =
(logz)(logy) —logz — 3logy — 3 =

Similarly, the second equation becomes

(logy)(logz) — 4logh — 4logy — log 16 — logz =

(logy)(logz) — 4logy —log z — 4log 5 — log 16
(logy)(log z) — 4logy — log z — log(5* - 16) =
(logy)(log z) — 4logy — log z — log(10000)

(logy)(logz) —4logy —logz —4 =

S o o o o

And the third equation becomes

(log z)(logz) — 4log 8 — 4logx — 3log 625 — 3logz =
(log z)(logz) —4logz — 3log z — 4log 8 — 3log 625 =
(log 2)(logx) — 4logx — 3log z — log(8* - 625%) =
(log 2)(log x) — 4log x — 3log 2z — log(2"* - 5'2)
(log z)(log z) — 4logx — 3log z — 12

S O O o O

Since each of the steps that we have made are reversible, the original system of equations is
equivalent to the new system of equations

(logz)(logy) —logz — 3logy — 3 =
(logy)(logz) —4logy —logz—4 = b
(log z)(logz) —4logx — 3logz — 12 = ¢

Next, we make the substitution X = logz, ¥ = logy and Z = logz. (This is equivalent to
saying z = 10%, y = 10Y and 2z = 107.)
This transforms the system of equations to the equivalent system

XY -X-3Y -3 =
YZ-4Y -7 -4 =D
XZ—-4X -3Z-12 = ¢
We re-write the first of these three equations as X(Y — 1) — 3Y — 3 = a and then as

XY —-1)—3(Y —1)—6 =a and then as (X —3)(Y —1) =a +6.
In a similar way, we re-write the second and third of these equations to obtain the equivalent

system
(X=-3)(Y—-1) = a+6
Y -1)(Z-4) = b+8
(X =3)(Z—4) = c+2
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Next, we make the substitution p = X —3, ¢ =Y — 1 and r = Z — 4. (This is equivalent to
saying X =p+3,Y =q+1land Z=r+4,or x = 10P"3, y = 107! and z = 10"™.)
This transforms the original system of equations into the equivalent system

pqg = a+6
qgr = b+8
pr = c+24

We again note that this system of equations is equivalent to the initial system of equations,
and each solution of this system corresponds with a solution of the initial system.

(a)

Suppose that a = —4, b =4 and ¢ = —18.
Then the last version of the system is

pg = 2
qgr = 12
pr = 6

Multiplying the three equations together gives p?¢*r? = 2-12-6 = 144.
Since (pqr)? = 144, then pqr = £12.

+12 +12 +12
IE:—ziGandp:]ﬁ:—:ilandq:@

2 qr 12 pr 6

Therefore, the solutions to the last version of the system are (p,q,r) = (1,2,6) and
<p7 Q7r) = (_17 _27 _6)
Converting back to the original variables, we see that the solutions to the original system
when (a, b, c) = (—4,4,—18) are (z,y, z) = (10%,103,10'°) and (z,y, z) = (102,101, 1072).
We consider the various possibilities for the product, (a + 6)(b + 8)(c + 24), of the right
sides of the equations in the final form of the system above: whether it is positive, negative
or equal to 0.

Case 1: (a+6)(b+8)(c+24) <0

Asin (a), we multiply the three equations together to obtain (pgr)? = (a+6)(b+8)(c+24).
Since the left side is at least 0 and the right side is negative, then there are no solutions
to the system of equations in this case.

Case 2: (a+6)(b+8)(c+24) >0

As in (a), we multiply the three equations together to obtain (pgr)? = (a+6)(b+8)(c+24).
Since (pgr)? = (a + 6)(b + 8)(c + 24) and (a + 6)(b + 8)(c + 24) > 0, then
pqr = £+/(a +6)(b+ 8)(c + 24).

Since (a + 6)(b+ 8)(c + 24) > 0, then /(a + 6)(b + 8)(c + 24) is well-defined.

Also, since (a + 6)(b+ 8)(c+ 24) > 0, then each of a + 6, b+ 8, ¢ + 24 is non-zero, so we
can divide by each of these quantities.

Therefore, r =

As we did in (a), we can solve to obtain

pqr £/ (a+6)(b+8)(c+24)

p= qr - b+8

., - pqr ++/(a +6)(b+ 8)(c + 24)
pr c+24

. ]ﬁ:i\/(a+6)(b+8)(c+24)

pq a—+06
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Since (a + 6)(b + 8)(c + 24) > 0, these are all valid fractions and there are exactly two
triples (p,q,r) that are solutions and so two triples (x,y,z) that are solutions to the
original system.

Case 3: (a+6)(b+8)(c+24)=0

Suppose that exactly one of a + 6, b+ 8 and ¢ + 24 equals 0.

Without loss of generality, suppose that a +6 =0, b+ 8 # 0 and ¢+ 24 # 0.

Since pg =a+6 =0, then p =0 or ¢ = 0.

In this case, either gr = 048 or pr = ¢+ 24 will equal 0, which contradicts our assumption
that neither b + 8 nor ¢ + 24 is 0.

Therefore, it cannot be the case that exactly one of a + 6, b+ 8 and ¢ 4 24 equals 0.

Suppose next that exactly two of a + 6, b+ 8 and ¢ + 24 equal 0.

Without loss of generality, suppose that a +6 =b+ 8 =0 and ¢ + 24 # 0.

Since pr = ¢+ 24 # 0, then p # 0 and r # 0.
Sincepg=a+6=0and qr =b+8=0and p# 0 and r # 0, then ¢ = 0.

In this case, any triple (p,q,r) with ¢ = 0 and pr = ¢+ 24 # 0 is a solution to the system
of equations.

Thus, when a +6 =b+8 =0 and ¢+ 24 # 0 (that is, (a,b,c) = (—6,—8, ¢) with ¢ # 24),
c+24

each triple (p,q,r) = (p, 0, ) with p #£ 0 is a solution to the system of equations.

Each of these solutions corresponds to a solution to the original system of equations in
(x,y, 2), so if (a,b,c) = (=6, —8, ¢) with ¢ # 0, then there are infinite number of solutions
to the system of equations.

Similarly, if (a, b, ¢) = (—6,b, —24) with b # —8 (that is,if p=a+6 =0and r = c+24 =0
but ¢ =b+ 8 #0) or (a,b,c) = (a,—8, —24) with a # —6, then there are infinitely many
solutions (x,y, z) to the original system of equations.

Finally, we must consider the case of a +6 =b+8 =c+ 24 = 0.

Here, we must solve the system of equations

rq =
qgr = 0
pr = 0

Each triple (p,q,7) = (0,0,7) is a solution of this system and there are infinitely many
such solutions. (This is not all of the solutions, but represents infinitely many solutions.)
Therefore, when (a,b,c) = (—6,—8,—24), there are also infinitely many solutions to the
original system of equations.

Therefore, the system of equations has an infinite number of solutions (x,y, z) precisely
when (a, b, c) = (=6, —8, ¢) for some real number c or (a, b, c) = (—6,b, —24) for some real
number b or (a,b,c) = (a,—8, —24) for some real number a or (a,b,c) = (—6,—8,—24).
(This last triple is in fact included in each of the previous three families of triples.)
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10.

(a)

The subsets of C, are:
{+ {1 {22 {3} {4
{1,2} {1,3} {1,4} {2,3} {2,4} {3,4}
{1,2,3} {1,2,4} {1,3,4} {2,3,4} {1,2,3,4}

(There are 16 such subsets including the empty set {} and the complete set Cy = {1,2,3,4}.)
Consider the Furoni family A = {{1, 2}, {1, 3}, {1,4}}.

Each of the following subsets of C} is already an element of A: {1,2},{1,3}, {1,4}.

Each of the following subsets of C4 is a subset of one or more of the elements of A:

{1 {13, {2}, {3}, {4}

Each of the following subsets of C; has the property that one or more of the elements of
A is a subset of it: {1,2,3},{1,2,4},{1,3,4},{1,2,3,4}.

Since a Furoni family of C); cannot contain two subsets of Cy one of which is a subset of
the other, none of the subsets in either of these two lists can be added to A to form a
larger Furoni family.

This leaves the following subsets of Cj to consider as possible elements to add to A:
{2,3},{2,4},1{3,4},{2,3,4}.

If {2,3,4} is added to A to form A’ = {{1,2},{1,3},{1,4},{2,3,4}}, then A’ is still a
Furoni family of Cy and none of {2,3},{2,4},{3,4} can be added, since each is a subset
of {2,3,4}. Therefore, A’ is a Furoni family of C, to which no other subset can be added.
If any of {2,3},{2,4},{3,4} is added to A, then {2,3,4} cannot be added (since each of
these three two elements sets is a subset of {2, 3,4}) but each of the remaining two element
sets can be still added without violating the conditions for being a Furoni family.

Thus, A” = {{1,2},{1,3},{1,4},{2,3},{2,4},{3,4}} is a Furoni family of C, to which
no other subset can be added.

Therefore, the two Furoni families of C'y that contain all of the elements of A and to which
no further subsets of C; can be added are

A= {{1’ 2}7 {1’ 3}7 {17 4}7 {27 3, 4}} A" = {{1’ 2}7 {17 S}v {17 4}’ {27 3}’ {27 4}7 {37 4}}

Solution 1

Suppose that n is a positive integer and F' is a Furoni family of (), that contains ay ele-
ments that contain exactly k integers each, for each integer k£ from 0 to n, inclusive.
Consider each element E of F'.

Each F is a subset of C),. Suppose that a particular choice for F contains exactly k ele-
ments.

We use E to generate k!(n — k)! permutations o of the integers in C,, = {1,2,3,...,n}
by starting with a permutation « of the elements of E and appending a permutation 3 of
the elements in C,, not in F.

Since there are k elements in F, there are k! possible permutations a.

Since there are n — k elements in C), that are not in E, there are (n — k)! possible permu-
tations [.

Each possible a can have each possible 5 appended to it, so there are k!(n — k)! possible
permutations ¢ = «|f. (The notation “«a|3” means the permutation of C,, formed by writ-
ing out the permutation « (of the elements of E) followed by writing out the permutation
S (of the elements of C), not in E).)

Each of these k!(n — k)! permutations generated by E is indeed different, since if two per-
mutations ¢ = «|f and ¢’ = /|’ are equal, then since a and o’ are both permutations
of the elements of F, then they have the same length and so «|8 = o/|" means a = «'.
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This then means that 5 = 8’ and so the permutations started out the same.

We repeat this process for each of the elements E of F'.

Since, for each k, there are a; subsets of size k in F', then the total number of permutations
that this generates is

agOl(n — )+ a1 ll(n — )+ -+ ap_1(n— Dl (n—(n— 1)1 + a,nl(n —n)!

If each of these permutations is different, then this total is at most n!, since this is the
total number of permutations of the elements of C,,.

Is it possible that two elements E and G of F' generate identical permutations of the
elements of C), in this way?

Suppose that two permutations o = «|f (generated by E) and ¢’ = /| (generated by
() are identical.

Suppose that E contains k elements and G contains &’ elements.

Either k < k' or k' < k (or both, if they are equal).

Without loss of generality, suppose that k < k’.

Then the length of a (which is k) is less than or equal to the length of o/ (which is £’).
But «|8 = o/|f, so this means that the first & entries in o/ are equal to the first &k entries
in a.

But the entries in « are the elements of F and the entries of o are the elements of G, so
this means that E is a subset of G, which cannot be the case. This is a contradiction.
Therefore, each of the permutations generated by each of the subsets of ), contained in

F'is unique.
Therefore,

ag0l(n —0)! + a1 ll(n — D)+ -+ ap_1(n —l(n— (n— 1)1+ a,nl(n —n)! <nl
Dividing both sides by n!, we obtain successively

ag0l(n —0)! + a1 ll(n — D)+ -+ ap_1(n —Dl(n— (n— 1)1 + a,nl(n —n)! < n!
|

0!(n — 0)! 1(n —1)! —1)! — 1)1 '(n —mn)!
I T S D ‘<n ) +an"<”,”> o
1 1 1
ap +a1 +an1 Sl
n n n
Qo + . Ap—1 Gy, <1

GENEANGN

as required.



2015 Euclid Contest Solutions Page 16

Solution 2

Suppose that n is a positive integer and that F'is a randomly chosen Furoni family of C,,.
Consider L = {{},{1},{1,2},{1,2,3},{1,2,3,...,n}}.

The probability that the intersection of L and F' is non-empty is at most 1.

Note that since each element of L is a subset of all of those to its right in the listing of L,
then at most one of the elements of L can be in F.

If k is an integer with k& > 0, the probability that {1,2,3,...,k} is an element of F is
ay,

]

n
There are ( k) subsets of C,, that contain exactly k integer.

The probability that any particular one of these subsets is {1,2,3,...,k} equals
1

N
k
Since ay, of these subsets are in F', then the probability that one of these a; subsets
a
is {1,2,3,...,k} equals Tk
(1)
(Note that we use the convention that if k& = 0, then {1,2,3,...,k} = {}.)

The probability that any of the elements of L is in F' is the sum of the probability of each
element being in F', since at most one of the elements in L is in F.

Therefore,
n n\
n—1 n

Set M = (Z) where k = in if nis even and k = (n — 1) if n is odd.

2

, where ay is the number of elements in F' that contain exactly k integers:

as required.

n
Then < M for every integer r with 0 < r < n. (Recall that the largest entries in
T

Pascal’s Triangle are the one or two entries in the middle of each row. We prove this
algebraically at the end.)
From (b),

Multiplying through by M, we obtain
M M M M

I A R

Since M is at least as large as each binomial coefficient, then each of the fractions on the
left side is larger than 1 and so

M

n

0

Qo

ap+ar+---+ap—1t+a, < ag + ot ap
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Therefore, the total number of elements in the Furoni family F', which is ag+ a1+ - -+ a,,
is at most M.
Is it possible to find a Furoni family of size M?

k

same size can be subsets of each other without being equal. Therefore, the largest Furoni

n
Yes — the M = ) subsets of (), of size k form a Furoni family, since no two sets of the

family of C), has size (Z) when n = 2k or n = 2k + 1 for some non-negative integer k.

We now prove the algebraic result above.
) n n! n! n
First, we note that = = = .
r r

mn—r)! (n—r)(n—(n—r))! n—r

Therefore, if (n) < (Z) for all » < k, then (n < (n) for all k, since if s > k, then
T
<

r k
n

s:n—rforsomerﬁkandso(n):(> (n)
s r k

Suppose first that n = 2k for some positive integer k.
n n

We prove that ( ) < (k) for each integer r with 0 <r < k:
r

(n>_ (2K) T 1 (2k —r)!

Since n = 2k, then

k k'Kk!
If r = k — d for some non-negative integer d, then
k! k! kk!  k(k-1)---(k—d+1) kK k-1 k-d+1

2k —r) (k—d)l(k+d)!  (k+10)k+2)---(k+d) k+1k+2  k+d
Since the right side is the product of d non-negative fractions, each of which is
smaller than 1, then their product is smaller than 1.

Thus, <n) < (n) if0<r<k
r k

Suppose next that n = 2k 4 1 for some non-negative integer k.

We prove that (n) < (Z) for each integer r with 0 < r < k:
r

Since n = 2k + 1, then

n (2k + 1)!
('r) Crlk+1—-r)t K (B!

n\  @k+1)! ol (2k+1—r)
(k:) El(k+ 1)!
If r = k — d for some non-negative integer d, then
Eo(k+1)0 kl(k +1)!
rlk+1—r) (k—d)(k+1+d)
k(k—1)---(k—d+1)
(k+2)(k+3)---(k+1+4d)
k k=1 k—-d+1
T k+2k+3  k+l+d




2015 Euclid Contest Solutions Page 18

Since the right side is the product of d non-negative fractions, each of which is
smaller than 1, then their product is smaller than 1.

Thus, (n) < (n) if0<r<k.
r k

This completes our proof.



