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Spatial and Visual Thinking

Introduction

One very important skillset used in mathematics which is commonly overlooked, is spatial
and visual thinking. Almost every math question which you will ever encounter will have
some form of data, or some kind of diagram which can be drawn from the question. Spatial
and visual reasoning is the skill which we use to interpret these diagrams, which eventually
helps us solve the problem.

Some examples of when you would use spatial and visual thinking are:

• Playing Tetris

• Solving a Rubiks Cube

• Viewing 3 dimensional (3D) diagrams drawn on 2 dimensional (2D) surfaces

• Using any mathematical shapeshifting techniques

Practicing your spatial and visual thinking skills is a great way to improve at mathematics;
there have been many studies done which link strong mathematical and spatial/visual skills
together. Today we will try some exercises to push our visualization skills to the maximum!

Three Dimensional Visualization

First of all, what do I mean by ‘Three Dimensional’? A 3D object is anything that has a
volume, or in other words, anything that has a length, a width and a height! A few examples
of these would be a cube, a sphere, a prism, a human, this building and just about everything
else we see in the entire world.

2D objects on the other hand have an area, or in other words, they only a length and a
width. Some examples of 2D objects would be a square, a circle, an image on a computer
screen, or the writing on this paper.

One way to tell if an object is 2D or 3D is to imagine running your hand across it. If you
ever feel any bumps, you know it has to be 3D, because bumps only ever occur if the object
has height!
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We live our lives in 3D, but we unfortunately have to do the majority of our mathematics
on 2D surfaces (sheets of paper and computer screens). Fortunately, with the aid of our
spatial/visual skills, we can represent 3D objects on these 2D surfaces! For example, look at
the cube below.

You can see that the object on the appears to be a 3-dimensional object; but how can this
be? If you look to the right, you can see that it is made from only 2-dimensional shapes!

The key here is that the object drawn on the left is really only 2-dimensional. Your brain how-
ever, using its spatial/visual powers, perceives the 2-dimensional image as a 3-dimensional
cube!

Nets

Another way to represent a 3D object on a 2D surface is to draw the ‘net’ of the object.
Below is an image of the net of a cube.

How does this represent a 3D object? Imagine unfolding each side of a cube and flattening
them all down on the ground. When you do this, you will get one possible net of the shape.

Two possible perspectives of unfolding a cube.

There can also be multiple different nets for some 3D shapes. The cube for example has 11
different nets. Here are a few of them below. Can you find any more of them?
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Rotations

Rotations in 3 dimensions work differently than rotations in 2 dimensions. Rather than
rotating around a point, we now have to rotate around a line!

Example

Rotate line B around line A by a full 360◦. What shape is traced out by line B?

From the diagrams above, we can see that line B traced out the shape of a cylinder.

Reflections

Reflections work differently in 3 dimensions as well. Instead of reflecting an object across a
line, you now have to reflect it across a plane. A plane is a flat 2D surface, like a piece of
paper for example.

Example

Here we are given a cube (on the left). This cube has been reflected across the plane in the
middle, giving us the reflected version of the original cube on the right.

When reflecting a 3D object it is important to try to visualize what the object looks like
first; this is what exercises your brain! After you have done that, you can draw the reflection,
which I will show you how to do on the next page!
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Now you may have already been doing this last week, but I feel like I should mention it here
just because 3D reflections can be much harder to visualize than 2D ones.

To perform any reflection in 2D or 3D, all you have to do is count the number of spaces
that each point on your shape is away from either the line or plane of reflection.

I have started this one off for you. Try to finish reflecting the remaining points.
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Problems

1. What shape does each net represent? Either name the shape, or draw a picture of it.

2. First try to visualize, and then try to draw the reflections of these 3D shapes.

3. Which of the three cubes is a possible layout for the given net?
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4. What will the nets of these shapes look like?

5. If line/shape A is rotated by 360◦ around line B in each of the 4 diagrams below, what
shapes will be traced out by line A?

*6. Draw one possible orientation of this net on the blank cube. How many different unique
orientations does this cube (i.e. how many ways can you position the cube so it looks
different)?
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7. A basic technical drawing usually comes in two forms; ‘isometric’ and ‘orthographic’. An
isometric drawing shows you how the object would look in three dimensions with the front,
top, and side views all visible.

An orthographic drawing shows you exactly how the object would look from the front view,
top view, and side view individually.

Here is an example of both an isometric and a orthographic drawing of a desk.

Draw the orthographic images of this dumbbell.
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Paper Folding

Another challenging visualization exercise has to do with paper folding. If a sheet of paper
is folded multiple times, where will all of the crease marks be? What if we cut the paper in
some way? How will it look in its unfolded state?

Example

Using only a single straight cut with a pair of scissors, how can a rhombus be cut out of a
sheet of paper?
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Example

You can also do these kinds of questions in reverse. For example, if a sheet of paper is folded
in half 3 times, and a rectangle is cut out of the bottom as shown, what will the sheet of
paper look like when it is completely unfolded?

These questions can be very tricky to visualize all in one step. One method to make these
questions easier is to draw what the paper will look like after each unfold. If you do this,
you are effectively doing a 2D reflection where the line of reflection is the crease mark made
by the fold!

I will hand out some sheets of paper so you can try these two examples, and you will need
some for the upcoming examples and problems. Please do not waste any paper, there is a
limited supply. If you make a mistake ask me and I can give you more.
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Folding Geometry

The last challenge that we will face today is creating different shapes with paper folding.
You can think of this as math-ified origami!

Example

How can you fold a perfect equilateral triangle out of a square sheet of paper?
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Problems

1. Prove using only paper folding, that the triangle in the previous example is actually
equilateral (i.e. show that all of the angles all 60◦).

2. Using only a single cut, how can you make this shape out of a sheet of paper?

3. If the sheet of paper below is folded and cut along the dotted lines as shown, what will
the unfolded sheet of paper look like? Draw your answer in the square to the right.

4. What crease marks will appear when the sheet of paper below is unfolded? Draw your
answer in the square to the right.
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5. What folds have to be done to make these crease marks? Draw each step of the folding
process below.

6. If the sheets of paper below are folded and cut along the dotted lines as shown, what will
the unfolded sheets of paper look like? Draw your answers in the squares to the right.

*7. A standard sheet of paper is about 0.1mm thick.

a) How thick will a standard sheet of paper be if it is folded in half 5 times?

b) How many times do you need to fold a standard sheet of paper in half for it to be
more than 1km thick?

c) How thick will a standard sheet of paper be after n folds?
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*Bonus: Create the following origami box.
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