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1. (a) If the sequence 7,a,b,43,... is arithmetic, what are the values of a and b7

(b) The 6% term of an arithmetic sequence is 59, and the 21%¢ term is 14. What is
the common difference?

Solution. (a) Let d be the common difference of the arithmetic sequence. Then
a=T74+d,b="T+42d, and 43 = 7+ 3d. From this last equation, we have that
3d = 43 — 7 = 36. Thus, d = 36/3 = 12. Using the other two equations we can
now solve for a and b:

a=T+d=T+12=1

b="7+2d="7+24=31

(b) We have that ag = 59 and ag; = 14. Using the formula a,, = a; + (n — 1)d, we
obtain the equations ag = a1 + 5d and as; = a; + 20d. This means that

a; +5d = 59

a; + 20d = 14.

Using the first equation, we see that a; = 59 — 5d. From the second equation,

a1 +20d =14 = (59 —5d)+20d = 14
= 59+ 15d = 14
= 15d = —45
= d = =-3.

2. The sum of the first n terms of a sequence is n(n + 1)(n + 2).



3.

(a) Write down the first 5 terms in this sequence.
(b) What is the 180" term?

(c) Find an expression for the n'* term in the sequence.

Solution. (a) Our equation for the sum of the first n terms tells us that

a = 1(1+1)(1+2) = 6

arta = 22+1)(2+2) = 24

a;+ay+az; = 33+1)(3+2) = 60
apt+as+az+ad = 4(4+1)4+2) = 120
a;+as+az+as+as = 55+1)(5+2) = 210.

Working from the top down, we have

aq = ﬁ
ay = 24 —a; = 24—-6 = 18
as = 60-&1-@2 = 60 —24 = %
ay, = 120-(11-@2—@3 == 120 — 60 = @
as = 210-(11-&2-@3—&4 = 210—-120 = %

(b) We have that

a1+ as +az—+---+ai79 +aigg0 = 180(180 + 1)(180 + 2) = 5929560
a4 as +as + - + arrg = 179(179+1)(179+2) = 5831820.

Subtract the second equation from the first to get

a1z0 = 9929560 — 5831 820 = 97 740.

(c) We can use the trick from (b) to get a general formula for a,,. In particular, since
artayt+az+---+ a1 +a, = nn+1)(n+2),
a;+as +ag+ -+ apq = (n—1)n(n+1),
we can subtract the second equation from the first to get

ap=nn+1)(n+2)—(m—1)nn+1)=3nn+1).

(a) The sum of 100 consecutive integers is 9350. What is the largest of these integers?



(b)

The sum of the first 6 terms in an arithmetic sequence is —81, and the sum of the
first 40 terms is 4220. What is the 14" term in the sequence?

Solution. (a) Suppose that the first integer is a;. Since the integers are consecutive,

the sequence is really
aip, g = ap —I—l,a3 :a1+2,...,a99 = +98,CL100 = +99

This sequence is arithmetic with common difference d = 1. By our formula for
the sum of the terms in an arithmetic sequence, we have that

100(100 — 1))

9350 = ap+as+az3+---+ayp = 100a1+d< 5

= 100a; + 4950.
This means that 100a; = 9350 — 4950 — 4400. Consequently, a; = 44. The largest

integer in the sequence is then given by ajpo = a1 + 99 = 143.

Our formula for the sum of the first n terms in an arithmetic sequence show that

6(6 —1
—81 = artag+---+ag = 6a1+d<¥) = 6a1+15d

40040 — 1
4220 = a1+a2+---—|—a40 = 40&1+d(%) = 40a1+780d

Thus, we obtain the following system of equations:

6CL1 + 15d = -81

40a; + 780d = 4220
By multiplying the first equation by 780/15 = 52, we get
312a, + 780d = —4212

40a; + 780d = 4220

By subtracting the second equation from the first, we see that 272a; = —8432, so
a; = —8432/272 = —31. Using the first equation, we have

15d = —81 — 6a; = 15d = —81 — 6(—31) = 105,
sod=105/15=T7.
We may now use the formula for the n'* term of an arithmetic sequence to deter-

mine the 14" term:

a4 = a1 + (14 — l)d = -31+ 13(7) = 60.

3



4.

(a) Find the sum of the first 1000 positive integers.

(b) Find the sum of the numbers between 1 and 1000 (including 1 and 1000) that are
not multiples of 3.

(¢) Determine the value of 1 =243 —4+ .-+ 99 — 100.

Solution. (a) We would like to find the sum of the terms in the sequence
1,2,3,...,1000.

Of course, this is an arithmetic sequence with a; = 1 and d = 1. Thus, we may
use our formula for the sum of such a sequence:

1000(1000 — 1
14+2+---41000 = 1000(1)+1( : )>

2
= 1000 + 499500

= 500500.

(b) Let’s find the sum of the integers between 1 and 1000 that are multiples of 3, and
then subtract this from our answer in (a). That is, we wish to find the sum of
the terms in the sequence

3,6,9,12,...,999

This is an arithmetic sequence whose first term is a; = 3 and common difference
is d = 3. How many terms are there in this sequence? Since

99 =a,=a+(n—1)d=3+3(n—1) =3n,
we have n = 333. That is, 999 is the 333" term in the sequence. Using our

formula for the sum of the terms in an arithmetic sequence, we get that

333(333 — 1
34+6+94---+999 = 333(3)+3(¥)

= 999 + 165834

= 166 833.

We conclude that the sum of the integers between 1 and 1000 that are not mul-
tiples of 3 is therefore

500500 — 166 833 = 333 667.
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(c) Note that
1-24+3—4+-4+99—100=(1+3+5+-+99) — (2+4+6+--+100).

Thus, we can find the sum of each group separately, and then compute their
difference.

We have that 1,3,5,...,99 is an arithmetic sequence with a; = 1 and d = 2.
There are 50 terms in this sequence. Using our summation formula, we get

50(50 — 1))

14+3+5+---+99 = 50a1+d( 5

= 50+ 2450

= 2500

Now consider the second sum. We have that 2,4,6,...,100 is an arithmetic
sequence with a; = 2 and d = 2. There are 50 terms in this sequence. Using our
summation formula, we get

50(50 — 1
2+4+6+---+100 = 50a1+d(¥)

2
= 100 + 2450

= 2550

Thus,
1-24+3—-44---499-100 = (14+34+5+---4+99) —(2+4+6+---+100)

= 2500 — 2550
= —50.
. The numbers 2,5,8,11,14, ... are written in order in a book, beginning on page 1.

There are 100 numbers on each page. On what page can the number 11111 be found?

Solution. We must determine where 11 111 occurs in this sequence. First note that
the sequence is arithmetic with first term a; = 2 and common difference d = 3. Thus,
the terms are given by a,, = a; + (n — 1)d.

To determine the position of 11111 in the sequence, we solve for n in the equation in
the equation a, = 11111. We have

a, =11111 = a4+ (n—1)d = 11111
= 24+3(n—-1) = 11111
= 3n = 11112
= n = J3704.



Thus, 11 111 is the 3704"" term in the sequence. Since each page contains 100 numbers,
we have that page 1 contains ay, as, ..., aig; page 2 contains ajo1, 192, - - - , G200; page 3
contains asgr, aogo, - . . , aspo; etc. It follows that page 38 contains aszo1, aszoo, - - -, 3800,
and hence contains asygs = 11111.

Therefore, 11111 is found on page 38.

(a) The 3" term in a geometric sequence is 8 and the 6 term is 17 576. What is the
common ratio?

(b) The 10" term of a geometric sequence is —6655 and the 13" term is 5. What is
the common ratio?

Solution. (a) The n* term of a geometric sequence is given by a, = a;7"~!. Thus,

we have that

8 = a3 = apr?

17576 = ag = a1’
By multiplying the equation by 73, we have that

8 = ar®

17576 = ayr®
It follows 8r3 = 17576. Consequently, 73 = 17576/8 = 2197, so
r=+v/2197 = 13.

(b) The n'* term of a geometric sequence is given by a, = a;r" .

that

Thus, we have
—6655 = ajp — CL1’I“9

5 = a3 = ar'?
By multiplying the equation by 73, we have that

—6655r3 = ayrt?

5 = ayr'?

It follows —665573 = 5. Consequently, 73 = —5/6655 = —1/1331, so

S
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(a) Consider the recursive sequence defined by a; = 9 and a,, = a,,_1 —4 for all n > 2.
Find a formula for a, that depends only on n.

b) Consider the recursive sequence defined by a; = 1, as = —1, and a,, = n-3 Qp—9
(b) q y : : n T )an
n —

for n > 3. Determine the values of asg19 and asgag.

Solution. (a) Let’s start by writing out some of the terms of this sequence:

aq = 9
a = a1 —4 = 9—-4 = 5
a3 = (12—4 = 5—4 = 1
ay = a3—4 = 1—-4 = -3
as = a4 —4 = -3—4 = —7

We can see that this sequence is arithmetic with first term a; = 9 and common
difference d = —4. Thus, the formula for the n'* term is

an=a1+(n—1)d=9—4(n—-1).

(b) Let’s start by writing out some of the terms of this sequence:
aq = 1

(05} = -1

a3 =

a, =

g =

a7 =

(=)
(=)
(=)
(=)
(=)



Notice that a,, = 0 whenever n is odd and n > 3. Moreover, observe that
Aoy = 2;—_11 for all n > 1. This means that

az19 =0
and
—1 -1
2(1010) — 1~ 2019’

2020 = A2(1010) =

Challenge Problems

8. Can a sequence with infinitely many terms be both arithmetic and geometric? If so,
describe all sequences with this property.

Solution. There are indeed sequences that are both arithmetic and geometric. For
example, consider the sequence
0,0,0,0,...

This is arithmetic with difference d = 0, and geometric with ratio r = 1 (really, you
can pick r to be whatever you like!)

More generally, one could fix a constant ¢ and consider the sequence
¢, C CC. ..

This is arithmetic with difference d = 0, and geometric with ratio r = 1.

Are there any other sequences with this property? Suppose there were a non-constant
sequence that were both arithmetic and geometric. This sequence cannot be constantly
0, so there must be some non-zero term a,,.

Since such a sequence must be arithmetic (say with difference d) and geometric (say
with ratio ), we can write the terms starting at a,, in two different ways:

Qp,ap +d,a, +2d, . ..

or
Qny AT A T2, . .

It must therefore be the case that our two expressions for the second term of this

sequence are the same. That is, a; +d = ayr. This implies that

d = apr —ap, = a,(r —1).



Now let’s examine the third term of the sequence. We have that
an + 2d = ayr.

But since d = a,(r — 1), this becomes

an +2(ap(r—1)) = a,r?

We can rearrange this equation and factor to obtain
2
a, (r—1)"=0.

Since a, # 0, we conclude that » — 1 = 0. That is, » = 1. But since r is the ratio
of our geometric sequence, it follows that each term in the sequence can be obtained
by multiplying the previous term by 1. This means the sequence we started with was
actually constant. Uh oh... this is a contradiction.

We conclude that the only sequences that are both arithmetic and geometric are the
sequences of the form
C,CyCyCy. ..

for some constant c.

. Determine an expression for the sum of the first n terms in a geometric sequence.
(We'll use this next lesson to solve the pizza problem!)

Solution. This problem has a cute trick!

Suppose that our geometric sequence has r as the common ratio, and let S, denote
the sum of the first n terms of the sequence. That is,

S, =ay+ar+ar? 4+ -+ a4 ar"

By multiplying both sides by r, we get
rS, =ar + a4+ -+ a2+ ar”t + agr™.
We can now subtract the first equation from the second to get
S, — 1S, =a —ayr".
This means that (1 —r)S, = a;(1 —r"), or

ai(1 —r”).

S, =
1—r




