
Problem of the Month
Problem 8: May 2020

Problem

For this problem, the radius of a square will be the distance from its centre to
any of its four vertices. A lattice point is a point (a, b) in the plane where a and b
are both integers.

(a) A square of radius
√
6
2 is placed in a random orientation with its centre at

the origin. Two possible ways the square could be placed are pictured below.
In Figure 1, there are five lattice points inside the square. In Figure 2, there
is only one lattice point inside the square.

Figure 1 Figure 2

What is the probability that there are exactly five lattice points inside the
square? For this and later parts of this problem, we will take the convention
that a point on the perimeter of the square is inside the square.

Define a function f on the positive real numbers so that f(r) is the largest
possible number of lattice points inside any square of radius r centred at the
origin.

(b) Show that f
(√

6
2

)
= 5.

(c) Show that f(r) is always 1 more than a multiple of 4.

(d) Find the smallest positive real number r with the property that f(r) = 17.



Hint

(a) You will need to know which lattice points can possibly be inside a square of
radius

√
6
2 . Try to determine all lattice points that are within

√
6
2 units of the

origin.

To give an idea of how to compute the probability, we include a discussion
on what is meant by “random” in this problem. Suppose one of the four
midpoints of the sides is marked as our “favourite midpoint”. If the square is
centred at the origin, the orientation of the square is determined by where
our favourite midpoint is. In particular, the orientation is determined by the
angle made by the positive x-axis and the ray from the origin to our
favourite midpoint. The possible orientations of the square correspond to
the possible values of this angle between 0◦ and 360◦. Thinking in this way,
the probability, for example, that this angle is between 50◦ and 70◦ is
70◦−50◦
360◦ = 1

18 . In words, the 20◦ range between 50◦ and 70◦ accounts for one
eighteenth of the possible orientations of the square. With all of this in
mind, it may be useful to determine for which angles lattice points can lie on
the sides of the square.

(b) The first sentence of the hint for part (a) is also a hint for part (b).

(c) Think about the rotational symmetry of the square and the lattice points in
the plane. Think about why a square centred at the origin has 90◦ rotational
symmetry about the origin, regardless of the orientation of the square.

(d) Try to draw a square centred at the origin that has exactly 17 lattice points
inside it. Next, try to do this so that the square is as small as possible.
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