The problems in this booklet are organized into strands. A
problem often appears in multiple strands. The problems are
suitable for most students in Grade 7 or higher.

Problem of the Week
Problem C
Try Your Luck
At Fall Fairs you often find games of chance. The Red - Blue Card Game is one
such game. The following information is known about the game:
• There are five red cards. Each red card has one of the numbers 1, 3, 5, 9 or
12 printed on it. Each number is used exactly once.
• There are four blue cards. Each blue card has one of the numbers 1, 3, 4 or 5
printed on it. Each number is used exactly once.
• You draw one red card and one blue card.
If the product of your two numbers is a perfect square, you have drawn a winning
pair. What is the probability of drawing a winning pair?

A perfect square is an integer that can be created by multiplying an integer by
itself. For example, the number 25 is a perfect square since it can be expressed
by 5 × 5 or 52 .
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Problem of the Week
Problem C and Solution
Try Your Luck
Problem
At Fall Fairs you often find games of chance. The Red - Blue Card Game is one such game.
The following information is known about the game:
• There are five red cards. Each red card has one of the numbers 1, 3, 5, 9 or 12 printed on
it. Each number is used exactly once.
• There are four blue cards. Each blue card has one of the numbers 1, 3, 4 or 5 printed on
it. Each number is used exactly once.
• You draw one red card and one blue card.
If the product of your two numbers is a perfect square, you have drawn a winning pair. What
is the probability of drawing a winning pair?

Solution
In order to determine the probability, we must determine the number of ways to obtain a
perfect square and divide it by the total number of possible selections of one red card and one
blue card. We will compile this information in a table.
Number on Red Card
Number on Blue Card
1
3
4
5

1

3

5

9

12

1
3
4
5

3
9
12
15

5
15
20
25

9
27
36
45

12
36
48
60

The numbers in the top row of the table, namely, 1, 3, 5, 9, and 12, correspond to the possible
values on the red card. The numbers in the first column of the table, namely, 1, 3, 4, and 5,
correspond to the possible values on the blue card. The other numbers in the table correspond
to the product of the number on the blue card and the number on the red card.
From the table, we see that 20 products are formed. The number 1 is a perfect square, (1 × 1),
and it occurs one time. The number 4 is a perfect square, (2 × 2), and it occurs one time. The
number 9 is a perfect square, (3 × 3), and it occurs two times. The number 25 is a perfect
square, (5 × 5), and it occurs one time. The number 36 is a perfect square, (6 × 6), and it
occurs two times. Seven of the products are perfect squares. Therefore, the probability of
7
drawing a winning pair is 20
.
A game is considered fair if the probability of winning is 50%. In this game, the winning
probability, as a percentage, is 35%. Can you modify the game so that it is fair?

Problem of the Week
Problem C
Dot to Dot
A 10 by 10 grid is created using 100 small circles, as shown below. The circle
labelled P has been coloured in on the grid. One of the other 99 circles on the
grid is randomly chosen to be labelled Q and coloured in as well.
What is the probability the line segment connecting P and Q is vertical or
horizontal?
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Problem of the Week
Problem C and Solution
Dot to Dot
Problem
A 10 by 10 grid is created using 100 small circles, as shown. The circle labelled P has been
coloured in on the grid. One of the other 99 circles on the grid is randomly chosen to be
labelled Q and coloured in as well. What is the probability the line segment connecting P and
Q is vertical or horizontal?

Solution
Line segment P Q is vertical if Q is chosen from the circles in the column in
which P lies. In this column there are 9 circles other than P which could be
chosen to be Q so that P Q is vertical.
Line segment P Q is horizontal if Q is chosen from the circles in the row in which
P lies. In this row there are 9 circles other than P which could be chosen to be Q
so that P Q is horizontal. Each of these 9 circles is different from the 9 circles in
the column containing P . Thus, there are 9 + 9 = 18 circles which may be chosen
for Q so that P Q is vertical or horizontal.
Since there are a total of 99 circles to choose Q from, the probability that Q is
2
18
or 11
.
chosen so that P Q is vertical or horizontal is 99

Problem of the Week
Problem C
All the Way Across
Francie has a field. It is made up of rectangle ABCD and right triangle ABE, as
shown below. She knows the length of AC, the diagonal of the rectangle, is 39 m.
She also knows the lengths of sides EA and EB of the triangle are 8 m and 17 m,
respectively. She would like to know the distance from E to C.
What is the length of EC, accurate to one decimal place?

The Pythagorean Theorem states that in a right triangle, the square of the length
of the hypotenuse (the side opposite the right angle) is equal to the sum of the
squares of the lengths of the other two sides.
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Problem of the Week
Problem C and Solution
All the Way Across
Problem
Francie has a field. It is made up of rectangle ABCD and right triangle ABE, as shown above. She
knows the length of AC, the diagonal of the rectangle, is 39 m. She also knows the lengths of sides EA
and EB of the triangle are 8 m and 17 m, respectively. She would like to know the distance from E to
C. What is the length of EC, accurate to one decimal place?

Solution
Step 1: In 4ABE, let AB = h.
Since 4ABE is a right triangle, we can use the Pythagorean Theorem.
AB 2 + EA2
h2 + 82
h2 + 64
h2

=
=
=
=
=
h =

EB 2
172
289
289 − 64
225
15, since h > 0

Step 2: In 4ADC, let AD = b.
Since ABCD is a rectangle, then AB = DC = 15 and ∠ADC = 90◦ .
Therefore, 4ADC is a right triangle and we can use the Pythagorean Theorem.
AD2 + DC 2
b2 + 152
b2 + 225
b2

=
=
=
=
=
b =

AC 2
392
1521
1521 − 225
1296
36, since b > 0

Step 3: In 4EDC, let EC = d.
We know that DC = 15, ∠EDC = ∠ADC = 90◦ , and ED = EA + AD = 8 + 36 = 44 m.
Since 4EDC is a right triangle, we can use the Pythagorean
Theorem.
EC 2 = ED2 + DC 2
d2 = 442 + 152
= 1936 + 225
= 2161
√
=
2161
d ≈ 46.5, since d > 0

Therefore, the length of EC is approximately 46.5 m.

Problem of the Week
Problem C
Angle Chasing
A circle with centre C is drawn around 4CQS so that Q and S lie on the
circumference of the circle. QC is extended to P on the circle. Chord P R
intersects CS and QS at A and B, respectively.
If ∠QP R = 24◦ and ∠CAP = 90◦ , determine the measure of ∠QBR.
(∠QBR is marked x◦ on the diagram.)
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Problem of the Week
Problem C and Solution
Angle Chasing
Problem
A circle with centre C is drawn around 4CQS so that
Q and S lie on the circumference of the circle. QC is
extended to P on the circle. Chord P R intersects CS
and QS at A and B, respectively. If ∠QP R = 24◦ and
∠CAP = 90◦ , determine the measure of ∠QBR. (∠QBR
is marked x◦ on the diagram.)

Solution
Solution 1
The angles in a triangle add to 180◦ . So in 4CAP ,
∠ACP = 180◦ − 90◦ − 24◦ = 66◦ = a◦ .
QCP is a diameter and is therefore a straight line. Two angles on a straight line
add to 180◦ , so
∠QCS = 180◦ − a◦ = 180◦ − 66◦ = 114◦ = b◦ .
C is the centre of the circle with Q and S on the circumference. Therefore, CS
and CQ are radii of the circle and CS = CQ. It follows that 4CSQ is isosceles
and ∠CSQ = ∠CQS = c◦ .
Then in 4CSQ,

c◦ + c◦ + b◦
2c + 114
2c
c

=
=
=
=

180◦
180
66
33

Opposite angles are equal, so it follows that ∠SBA = ∠RBQ = x◦ and
d◦ = ∠SAB = ∠CAP = 90◦ .
In 4ABS,

∴ ∠QBR = 57◦ .

x◦ + c◦ + d◦
x + 33 + 90
x + 123
x

=
=
=
=

180◦
180
180
57

Solution 2
In a triangle, the angle formed at a vertex between the extension of a side and an adjacent side
is called an exterior angle. In the top diagram to
the right, ∠XZW is exterior to 4XY Z. The
exterior angle theorem states: “the exterior angle
of a triangle equals the sum of the two opposite
interior angles.” In the diagram, r◦ = p◦ + q ◦ .
We will use this result and two of the pieces of
information we found in Solution 1.
The angles in a triangle sum to 180◦ . So in
4CAP ,
∠ACP = 180◦ − 90◦ − 24◦ = 66◦ = a◦ .
C is the centre of the circle with Q and S on
the circumference. Therefore, CS and CQ are
radii of the circle and CS = CQ. It follows that
4CSQ is isosceles and ∠CSQ = ∠CQS = c◦ .
∠ACP is exterior to 4CSQ.
∴ ∠ACP
a◦
66
33

=
=
=
=

∠CSQ + ∠CQS
c◦ + c◦
2c
c

=
=
=
=

∠BP Q + ∠BQP
24◦ + c◦
24 + 33
57

∠QBR is exterior to 4BQP .
∴ ∠QBR
x◦
x
x
∴ ∠QBR = 57◦ .

Problem of the Week
Problem C
Several Grey Areas
In the diagram, a 6 cm by 6 cm square is formed by arranging 36 identical 1 cm
by 1 cm squares in six rows, each of which contains six squares. The large square
contains five shaded triangles. How many 1 cm by 1 cm squares must be shaded
or unshaded so that exactly half of the area of the large square is shaded?
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Problem of the Week
Problem C and Solution
Several Grey Areas
Problem
In the diagram, a 6 cm by 6 cm square is formed by arranging 36 identical 1 cm by 1 cm
squares in six rows, each of which contains six squares. The large square contains five shaded
triangles. How many 1 cm by 1 cm squares must be shaded or unshaded so that exactly half of
the area of the large square is shaded?

Solution
We will start by determining the areas of the five shaded
triangles. We have labeled the regions A, B, C, D and
E. We will calculate the area of each triangle using the
formula for the area of a triangle:
area =

base × height
2

The triangle in region A has base 3 cm and height 2 cm.
The area of this triangle is 3×2
= 26 = 3 cm2 .
2
The triangle in region B has base 4 cm and height 2 cm.
The area of this triangle is 4×2
= 28 = 4 cm2 .
2
The triangle in region C has base 1 cm and height 3 cm.
= 23 cm2 .
The area of this triangle is 1×3
2
The triangle in region D has base 3 cm and height 3 cm.
= 29 cm2 .
The area of this triangle is 3×3
2
The triangle in region E has base 2 cm and height 2 cm.
The area of this triangle is 2×2
= 24 = 2 cm2 .
2
The total shaded area is therefore 3 + 4 + 23 + 92 + 2 = 9 +

12
2

= 9 + 6 = 15 cm2 .

We will now determine the area of the entire region. The square is 6 cm long and 6 cm wide.
Therefore, the area of the entire square is 6 × 6 = 36 cm2 .
In order for half of the entire region to be shaded, the shaded area would have to be
36 ÷ 2 = 18 cm2 . Presently, only 15 cm2 is shaded so we need to shade an additional 3 cm2 .
That is, we need to shade three additional 1 cm by 1 cm squares.

Problem of the Week
Problem C
Dot to Dot
A 10 by 10 grid is created using 100 small circles, as shown below. The circle
labelled P has been coloured in on the grid. One of the other 99 circles on the
grid is randomly chosen to be labelled Q and coloured in as well.
What is the probability the line segment connecting P and Q is vertical or
horizontal?
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Problem of the Week
Problem C and Solution
Dot to Dot
Problem
A 10 by 10 grid is created using 100 small circles, as shown. The circle labelled P has been
coloured in on the grid. One of the other 99 circles on the grid is randomly chosen to be
labelled Q and coloured in as well. What is the probability the line segment connecting P and
Q is vertical or horizontal?

Solution
Line segment P Q is vertical if Q is chosen from the circles in the column in
which P lies. In this column there are 9 circles other than P which could be
chosen to be Q so that P Q is vertical.
Line segment P Q is horizontal if Q is chosen from the circles in the row in which
P lies. In this row there are 9 circles other than P which could be chosen to be Q
so that P Q is horizontal. Each of these 9 circles is different from the 9 circles in
the column containing P . Thus, there are 9 + 9 = 18 circles which may be chosen
for Q so that P Q is vertical or horizontal.
Since there are a total of 99 circles to choose Q from, the probability that Q is
2
18
or 11
.
chosen so that P Q is vertical or horizontal is 99

Problem of the Week
Problem C
Pi Day Squares
Pi Day is an annual celebration of the mathematical constant π. Pi Day is observed on March
14, since 3, 1, and 4 are the first three significant digits of π.
Archimedes determined lower bounds (minimum values) for π by finding the perimeters of
regular polygons inscribed in a circle with diameter of length 1. (An inscribed polygon of a
circle has all of its vertices on the circle.)
He also determined upper bounds (maximum values) for π by finding the perimeters of regular
polygons circumscribed in a circle with diameter of length 1. (A circumscribed polygon of a
circle has all sides tangent to the circle. That is, each side of the polygon touches the circle in
one spot.)
We will determine a lower and an upper bound for π by looking at squares inscribed and
circumscribed in a circle with centre C and diameter 1.

inscribed
square
ABDE

⇒

⇐

circumscribed
square
F GHJ

Since the circle has diameter 1, it has circumference equal to π. The perimeter of the inscribed
square ABDE will give a lower bound for π and the perimeter of the circumscribed
square F GHJ will give an upper bound for π.
Using these squares, determine a lower bound for π (minimum value) and an upper bound
(maximum value) for π.
——————————————————————————————–
You may want to use the following facts:
1. The diagonals of both an inscribed and circumscribed
square meet at the centre of the circle, C, and the
diagonals of the square meet at 90◦ .
2. The Pythagorean Theorem states that in a right triangle,
the square of the length of the hypotenuse (the side
opposite the right angle) is equal to the sum of the
squares of the lengths of the other two sides.
3. The radius of a circle is perpendicular to a tangent of
the circle at the point of tangency.

Strands

Geometry and Spatial Sense, Measurement,
Number Sense and Numeration

Problem of the Week
Problem C and Solution
Pi Day Squares
Problem
Archimedes determined lower bounds (minimum values) for π by finding the perimeters of
regular polygons inscribed in a circle with diameter of length 1. He also determined upper
bounds (maximum values) for π by finding the perimeters of regular polygons circumscribed in
a circle with diameter of length 1. We will determine such bounds by looking at squares
inscribed and circumscribed in a circle with centre C and diameter 1. Since the circle has
circumference equal to π, the perimeter of the inscribed square ABDE will give a lower bound
for π and the perimeter of the circumscribed square F GHJ will give an upper bound for π.
Using these squares, determine a lower bound and an upper bound for π.
Solution
For the inscribed square, draw line segments AC and BC. Both AC and BC are radii of the
circle with diameter 1 so AC = BC = 0.5. Since the diagonals of a square are perpendicular at
C, it follows that 4ACB is a right triangle with ∠ACB = 90◦ . We can use the Pythagorean
Theorem to find the length of AB.
AB 2 = AC 2 + BC 2
= (0.5)2 + (0.5)2
= 0.25 + 0.25
= 0.5
√
0.5 (since AB > 0)
AB =
≈ 0.707
Since AB is one of the sides of the inscribed square, the perimeter of square ABDE is equal to
4 × AB ≈ 4 × 0.707 = 2.828. This gives us a lower bound for π.
For the circumscribed square, let M be the point of tangency on side
F J and let N be the point of tangency on GH. Draw radii CM and
CN . Since M is a point of tangency, we know that ∠F M C = 90◦ ,
and thus CM is parallel to F G. Similarly, CN is parallel to F G.
Thus, M N is a straight line segment, and since it passes through C, the centre of the circle,
M N must also be a diameter of the circle. Thus, M N = 1. Also, F M N G is a rectangle, so
F G = M N = 1 and the perimeter of square F GHJ is equal to 4 × F G = 4(1) = 4. This is an
upper bound for π.
Therefore, a lower bound (minimum value) for π is approximately 2.828 and an upper bound
(maximum value) for π is 4. That is, 2.828 < π < 4.
NOTE: Since we know that π ≈ 3.14, these are not the best bounds for π. Archimedes used
regular polygons with more sides to get better approximations. In the POTW D problem, we
investigate using regular hexagons to get a better approximation.

Problem of the Week
Problem C
Flip and Slide
Triangle ABC has vertices A(1, 1), B(1, 4) and C(2, 1), as shown below.
We perform transformations to the triangle, as follows. First, slide 4ABC to the
right 4 units. Then, reflect the image in the x-axis. Then, reflect the new image
in the y-axis. Finally, slide the newest image up 5 units.
What are the coordinates of the vertices of the final triangle?
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Problem of the Week
Problem C and Solution
Flip and Slide
Problem
Triangle ABC has vertices A(1, 1), B(1, 4) and C(2, 1), as shown above. We perform
transformations to the triangle, as follows. First, slide 4ABC to the right 4 units. Then,
reflect the image in the x-axis. Then, reflect the new image in the y-axis. Finally, slide the
newest image up 5 units. What are the coordinates of the vertices of the final triangle?

Solution
In the solution we are going to use notation that is commonly used in transformations. When
we transform point A, label its transformed vertex as A0 . We call this “A prime”. When we
transform point A0 , label its transformed vertex as A00 . We call this “A double prime”. This can
continue for all 4 transformations.
So, we label the four transformed triangles as 4A0 B 0 C 0 (slide to the right by 4 units),
4A00 B 00 C 00 (reflect in the x-axis), 4A000 B 000 C 000 (reflect in the y-axis) and 4A0000 B 0000 C 0000 (slide up
5 units). These triangles are shown below. Each transformation is shown on the second page.

We can see that the final triangle has vertices A0000 (−5, 4), B 0000 (−5, 1) and C 0000 (−6, 4).

TRANSFORMATIONS
1) Slide to the right 4 units

3) Reflect in the y-axis

2)Reflect in the x-axis

4) Slide up 5 units

Problem of the Week
Problem C
Contain the Memory
As part of a woodworking project, you chose to build a picture frame to contain a
sketch which you had drawn in an art class.
The frame was made using four strips of wood, each strip 30 cm long and 3 cm
wide. The finished product is illustrated below.
Determine the area of the region inside the wooden frame.
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Problem of the Week
Problem C and Solution
Contain the Memory
Problem
As part of a woodworking project, you chose to build a picture frame to contain a sketch which
you had drawn in an art class.
The frame was made using four strips of wood, each strip 30 cm long and 3 cm wide. The
frame is illustrated above.
Determine the area of the region inside the wooden frame.

Solution
Solution 1
The inner square has side length 30 − 3 = 27 cm.
Area = Length × Width = 27 × 27 = 729 cm2 .
Therefore, the area of the sketch inside the frame
is 729 cm2 .

Solution 2
Each rectangle has area 30 × 3 = 90 cm2 .
The outer square has a side length equal to
30 + 3 = 33 cm.
The area of the outer square is therefore
33 × 33 = 1089 cm2 .
The area of the inner square is equal to the area
of the outer square minus the areas of the four
rectangles.
Therefore, the area of the sketch inside the frame
is 1089 − 4 × 90 = 729 cm2 .

Problem of the Week
Problem C
Top Triangle
The area of 4ACD is twice the area of square BCDE. AC and AD meet BE
at K and L respectively such that KL = 6 cm.
If the side length of the square is 8 cm, determine the area of the top triangle,
4AKL.

'

!

"
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Problem of the Week
Problem C and Solution
Top Triangle
Problem
The area of 4ACD is twice the area of square BCDE. AC and AD meet BE at K and L
respectively such that KL = 6 cm.
If the side length of the square is 8 cm, determine the area of the top triangle, 4AKL.

'

Solution
Solution 1
In the first solution we will find the area of square
BCDE, the area of 4ACD, the area of trapezoid
KCDL, and then the area of 4AKL.
To find the area of a square, multiply the length times
the width. To find the area of a trapezoid, multiply
the sum of the lengths of the two parallel sides by the
height and divide the product by 2.
Area of square BCDE =
=
Area 4ACD =
=
=

!

%

&

$

8×8
"
#
64 cm2
2 × Area of Square BCDE
2 × 64
128 cm2

In trapezoid KCDL, the two parallel sides are KL and CD, and the height is
the width of square BCDE, namely BC.
Area of trapezoid KCDL = (KL + CD) × BC ÷ 2
= (6 + 8) × 8 ÷ 2
= 14 × 8 ÷ 2
= 56 cm2
Area 4AKL = Area 4ACD − Area of trapezoid KCDL
= 128 − 56
= 72 cm2
Therefore, the area of 4AKL is 72 cm2 .

'

Solution 2
Construct the altitude of 4ACD intersecting BE at P
and CD at Q. In this solution we will find the height
of 4AKL and then use the formula for the area of a
triangle to find the required area.
To find the area of a square, multiply the length times the
width. To find the area of a triangle, multiply the length
of the base times the height and divide the product by 2.
Area of square BCDE =
=
Area 4ACD =
=
=
But Area 4ACD
128
128
∴ AQ

=
=
=
=

!

%

(

"
8×8
)
64 cm2
2 × Area of Square BCDE
2 × 64
128 cm2

&

$

#

CD × AQ ÷ 2
8 × AQ ÷ 2
4 × AQ
32 cm

We know that AQ = AP + P Q, AQ = 32 cm and P Q = 8 cm, the side length of
the square. It follows that AP = AQ − P Q = 32 − 8 = 24 cm.
∴ Area 4AKL = KL × AP ÷ 2
= 6 × 24 ÷ 2
= 72 cm2
Therefore, the area of 4AKL is 72 cm2 .

Problem of the Week
Problem C
Several Grey Areas
In the diagram, a 6 cm by 6 cm square is formed by arranging 36 identical 1 cm
by 1 cm squares in six rows, each of which contains six squares. The large square
contains five shaded triangles. How many 1 cm by 1 cm squares must be shaded
or unshaded so that exactly half of the area of the large square is shaded?
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Problem of the Week
Problem C and Solution
Several Grey Areas
Problem
In the diagram, a 6 cm by 6 cm square is formed by arranging 36 identical 1 cm by 1 cm
squares in six rows, each of which contains six squares. The large square contains five shaded
triangles. How many 1 cm by 1 cm squares must be shaded or unshaded so that exactly half of
the area of the large square is shaded?

Solution
We will start by determining the areas of the five shaded
triangles. We have labeled the regions A, B, C, D and
E. We will calculate the area of each triangle using the
formula for the area of a triangle:
area =

base × height
2

The triangle in region A has base 3 cm and height 2 cm.
The area of this triangle is 3×2
= 26 = 3 cm2 .
2
The triangle in region B has base 4 cm and height 2 cm.
The area of this triangle is 4×2
= 28 = 4 cm2 .
2
The triangle in region C has base 1 cm and height 3 cm.
= 23 cm2 .
The area of this triangle is 1×3
2
The triangle in region D has base 3 cm and height 3 cm.
= 29 cm2 .
The area of this triangle is 3×3
2
The triangle in region E has base 2 cm and height 2 cm.
The area of this triangle is 2×2
= 24 = 2 cm2 .
2
The total shaded area is therefore 3 + 4 + 23 + 92 + 2 = 9 +

12
2

= 9 + 6 = 15 cm2 .

We will now determine the area of the entire region. The square is 6 cm long and 6 cm wide.
Therefore, the area of the entire square is 6 × 6 = 36 cm2 .
In order for half of the entire region to be shaded, the shaded area would have to be
36 ÷ 2 = 18 cm2 . Presently, only 15 cm2 is shaded so we need to shade an additional 3 cm2 .
That is, we need to shade three additional 1 cm by 1 cm squares.

Problem of the Week
Problem C
Pi Day Squares
Pi Day is an annual celebration of the mathematical constant π. Pi Day is observed on March
14, since 3, 1, and 4 are the first three significant digits of π.
Archimedes determined lower bounds (minimum values) for π by finding the perimeters of
regular polygons inscribed in a circle with diameter of length 1. (An inscribed polygon of a
circle has all of its vertices on the circle.)
He also determined upper bounds (maximum values) for π by finding the perimeters of regular
polygons circumscribed in a circle with diameter of length 1. (A circumscribed polygon of a
circle has all sides tangent to the circle. That is, each side of the polygon touches the circle in
one spot.)
We will determine a lower and an upper bound for π by looking at squares inscribed and
circumscribed in a circle with centre C and diameter 1.

inscribed
square
ABDE

⇒

⇐

circumscribed
square
F GHJ

Since the circle has diameter 1, it has circumference equal to π. The perimeter of the inscribed
square ABDE will give a lower bound for π and the perimeter of the circumscribed
square F GHJ will give an upper bound for π.
Using these squares, determine a lower bound for π (minimum value) and an upper bound
(maximum value) for π.
——————————————————————————————–
You may want to use the following facts:
1. The diagonals of both an inscribed and circumscribed
square meet at the centre of the circle, C, and the
diagonals of the square meet at 90◦ .
2. The Pythagorean Theorem states that in a right triangle,
the square of the length of the hypotenuse (the side
opposite the right angle) is equal to the sum of the
squares of the lengths of the other two sides.
3. The radius of a circle is perpendicular to a tangent of
the circle at the point of tangency.
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Problem of the Week
Problem C and Solution
Pi Day Squares
Problem
Archimedes determined lower bounds (minimum values) for π by finding the perimeters of
regular polygons inscribed in a circle with diameter of length 1. He also determined upper
bounds (maximum values) for π by finding the perimeters of regular polygons circumscribed in
a circle with diameter of length 1. We will determine such bounds by looking at squares
inscribed and circumscribed in a circle with centre C and diameter 1. Since the circle has
circumference equal to π, the perimeter of the inscribed square ABDE will give a lower bound
for π and the perimeter of the circumscribed square F GHJ will give an upper bound for π.
Using these squares, determine a lower bound and an upper bound for π.
Solution
For the inscribed square, draw line segments AC and BC. Both AC and BC are radii of the
circle with diameter 1 so AC = BC = 0.5. Since the diagonals of a square are perpendicular at
C, it follows that 4ACB is a right triangle with ∠ACB = 90◦ . We can use the Pythagorean
Theorem to find the length of AB.
AB 2 = AC 2 + BC 2
= (0.5)2 + (0.5)2
= 0.25 + 0.25
= 0.5
√
0.5 (since AB > 0)
AB =
≈ 0.707
Since AB is one of the sides of the inscribed square, the perimeter of square ABDE is equal to
4 × AB ≈ 4 × 0.707 = 2.828. This gives us a lower bound for π.
For the circumscribed square, let M be the point of tangency on side
F J and let N be the point of tangency on GH. Draw radii CM and
CN . Since M is a point of tangency, we know that ∠F M C = 90◦ ,
and thus CM is parallel to F G. Similarly, CN is parallel to F G.
Thus, M N is a straight line segment, and since it passes through C, the centre of the circle,
M N must also be a diameter of the circle. Thus, M N = 1. Also, F M N G is a rectangle, so
F G = M N = 1 and the perimeter of square F GHJ is equal to 4 × F G = 4(1) = 4. This is an
upper bound for π.
Therefore, a lower bound (minimum value) for π is approximately 2.828 and an upper bound
(maximum value) for π is 4. That is, 2.828 < π < 4.
NOTE: Since we know that π ≈ 3.14, these are not the best bounds for π. Archimedes used
regular polygons with more sides to get better approximations. In the POTW D problem, we
investigate using regular hexagons to get a better approximation.

Problem of the Week
Problem C
Growing a Business
A startup company is growing. At the start of 2018, the company had 100
employees. At the end of the year, for each of the next four years, the company
expects that 25 employees will retire and a new employee will be hired for each of
the remaining employees.
After this four year cycle of retiring and hiring is complete, determine the
average number of employees that the company grows by each year.

BEST WISHES

WELCOME

Extension: Assume that this pattern of retiring and hiring continues for a total
of ten years. How many employees will the company have after the tenth year?

Strand

Number Sense and Numeration

Problem of the Week
Problem C and Solution
Growing a Business
Problem
A startup company is growing. At the start of 2018, the company had 100 employees. At the
end of the year, for each of the next four years, the company expects that 25 employees will
retire and a new employee will be hired for each of the remaining employees. After this four
year cycle of retiring and hiring is complete, determine the average number of employees that
the company grows by each year.
Extension: Assume that this pattern of retiring and hiring continues for a total of ten years.
How many employees will the company have after the tenth year?

Solution
The following chart will look at the process of retiring and hiring over the four year period.
The number remaining will be 25 less than the number at the start of the year. The number
hired in a year will be the same as the number remaining. The number of employees at the end
of the year will be twice as many as the number of employees remaining.
Year
1
2
3
4

# of Employees
at Start of Year
100
150
250
450

# Retiring

# Remaining

# Hired

25
25
25
25

75
125
225
425

75
125
225
425

# of Employees
at End of Year
150
250
450
850

After four years of retiring and hiring the company employs 850 people. The number of
employees increased by 850 − 100 = 750 people in four years. The average increase per year
was 750 ÷ 4 = 187.5 employees.
Another way to look at this problem would be to take the average number of people hired per
year and subtract the average number of people retiring in a year. The average number hired
per year is (75 + 125 + 225 + 425) ÷ 4 = 850 ÷ 4 = 212.5. The average retiring each year was
25. Therefore the average increase per year was 212.5 − 25 = 187.5, as above.

Solution to Extension
Observe a couple of patterns in the column labelled “# of Employees at End of Year”. First,
each number ends in 50. The leading digits are 1, 2, 4, and 8. These digits are powers of 2. In
year 2, the leading digit is 21 . In year 3, the leading digit is 22 . In year 4, the leading digit is
23 . The exponent appears to be one less than the year number. So in year 10, a good
prediction for the leading digits would be 29 = 512. After 10 years of retiring and hiring, there
would be 51 250 employees. (We can verify this prediction by continuing the table.)

Problem of the Week
Problem C
Contain the Memory
As part of a woodworking project, you chose to build a picture frame to contain a
sketch which you had drawn in an art class.
The frame was made using four strips of wood, each strip 30 cm long and 3 cm
wide. The finished product is illustrated below.
Determine the area of the region inside the wooden frame.
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Problem of the Week
Problem C and Solution
Contain the Memory
Problem
As part of a woodworking project, you chose to build a picture frame to contain a sketch which
you had drawn in an art class.
The frame was made using four strips of wood, each strip 30 cm long and 3 cm wide. The
frame is illustrated above.
Determine the area of the region inside the wooden frame.

Solution
Solution 1
The inner square has side length 30 − 3 = 27 cm.
Area = Length × Width = 27 × 27 = 729 cm2 .
Therefore, the area of the sketch inside the frame
is 729 cm2 .

Solution 2
Each rectangle has area 30 × 3 = 90 cm2 .
The outer square has a side length equal to
30 + 3 = 33 cm.
The area of the outer square is therefore
33 × 33 = 1089 cm2 .
The area of the inner square is equal to the area
of the outer square minus the areas of the four
rectangles.
Therefore, the area of the sketch inside the frame
is 1089 − 4 × 90 = 729 cm2 .

Problem of the Week
Problem C
No Lemons, No Melon
The title, “No Lemons, No Melon”, is an example of a palindrome, a phrase that
is the same when read forwards or backwards. Single words like MOM and BOB
are palindromes. Numbers like 7, 414 and 12321 are also palindromes.
Next week, on October 8, 2018, you should greet everyone by saying, “Happy
Palindrome Day”. When the date is written in the form d-mm-yyyy, October 8,
2018 is 8102018, a palindrome.
In honour of Palindrome Day, we pose a palindrome problem. Determine the
smallest and largest seven-digit palindromic numbers which are divisible by 15.
It may be helpful to note that a number is divisible by 3 if the sum of its digits is
divisible by 3. For example, 15 972 is divisible by 3 since 1 + 5 + 9 + 7 + 2 = 24
and 24 is divisible by 3.
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Problem of the Week
Problem C and Solution
No Lemons, No Melon
Problem
A palindrome is a word, phrase, sentence, or number that reads the same forwards and
backwards. Determine the smallest and largest seven-digit palindromic numbers that are
divisible by 15.

Solution
We are looking for two seven-digit numbers of the form abcdcba.
For a number to be divisible by 15, it must be divisible by both 3 and 5.
To be divisible by 5, a number must end in 0 or 5. If the required number ends in
0, it must also begin with 0 in order to be a palindrome. But the number 0bcdcb0
is not a seven-digit number, since the leading digit cannot be 0. Therefore, the
number cannot end in a 0 and hence must start and end with a 5. The required
numbers look like 5bcdcb5.
For a number to be divisible by 3, the sum of its digits must be divisible by 3.
For the smallest possible number, let b = 0 and c = 0 in 5bcdcb5. We must find
the smallest value of d so that 500d005 is divisible by 3. The sum of the digits is
5 + 0 + 0 + d + 0 + 0 + 5 = d + 10 and d can take on any integer value from 0 to
9. It follows that d + 10 can take on integer values from 10 to 19. The smallest
number in this range divisible by 3 is 12 so d + 10 = 12 and d = 2.
For the largest possible number, let b = 9 and c = 9 in 5bcdcb5. We must find the
largest value of d so that 599d995 is divisible by 3. The sum of the digits is
5 + 9 + 9 + d + 9 + 9 + 5 = d + 46 and d can take on any integer value from 0 to
9. It follows that d + 46 can take on integer values from 46 to 55. The largest
number in this range divisible by 3 is 54 so d + 46 = 54 and d = 8.
The smallest and largest seven-digit palindromic numbers exactly divisible by 15
are 5002005 and 5998995, respectively.
Extension: How many seven-digit palindromes of the form 50cdc05 are divisible
by 15?

Problem of the Week
Problem C
Last One Counts
Jayden has ten circles in a row. The circles are numbered from 10 to 19, in order,
as shown. Once Jayden is on a circle, she can move two circles to the right or
three circles to the left, as long as doing so lands her on one of the circles in the
row. The first diagram shows that if she starts on circle 17, she could move to
circle 19 or circle 14. The second diagram shows that if she starts on circle 11,
she can only move to circle 13. This is because going left three would land her on
circle 8 which is not a valid circle.
If Jayden starts on circle 10 and visits every circle exactly once, what is the
number on the last circle that she visits?
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Problem of the Week
Problem C and Solution
Last One Counts
Problem
Jayden has ten circles in a row. The circles are numbered from 10 to 19, in order. Once Jayden
is on a circle, she can move two circles to the right or three circles to the left, as long as doing
so lands her on one of the circles in the row. If Jayden starts on circle 10 and visits every circle
exactly once, what is the number on the last circle that she visits?

Solution
Starting on circle 10, she can only move two circles to the right to circle 12. From circle 12, she
can still only move two circles to the right to circle 14. Her first two moves are shown. (Note
that once a circle has been visited it turns to red.)
10

11

12

13

14

15

16

17

18

19

From circle 14 she has two choices; she can move two circles to the right to circle 16, or she can
move three circles to the left to circle 11. However, the only way to get to circle 11 is from
circle 14. Since she is not allowed to visit a circle twice, she can never come back to circle 14
and therefore must go to circle 11 now. This move is added below.
10

11

12

13

14

15

16

17

18

19

From circle 11 she can only move two circles to the right to circle 13. Since circle 10 has
already been visited, from circle 13 she moves two circles to the right to circle 15. From here,
since circle 12 has already been visited, she can only move two circles to the right to circle 17.
Since circle 14 has already been visited, from circle 17 she can only move two circles to right to
circle 19.
10

11

12

13

14

15

16

17

18

19

She now only has the option move three circles to the left to circle 16. From here she must
move two circles to the right to circle 18.
10

11

12

13

14

15

16

17

18

19

At this point all of the circles have been visited exactly once. Therefore, circle number 18 is
the last circle she will visit.

Extension: If the circles were numbered from 25 to 299, inclusive, what would be the
number on the last circle visited?

Problem of the Week
Problem C
Change Adds Up

Phil Banks loves to save coins. He has a particular coin bank that he has been
filling for a long time with only nickels (5 cent coins) and dimes (10 cent coins).
Recently, his bank was full so Phil counted his money and discovered that he had
exactly $10 in his bank. He also observed that he had 11 less dimes than nickels
in his bank.
How many coins were in Phil’s bank?
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Problem of the Week
Problem C and Solution
Change Adds Up
Problem
Phil Banks loves to save coins. He has a particular coin bank that he has been filling for a long
time with only nickels (5 cent coins) and dimes (10 cent coins). Recently, his bank was full so
Phil counted his money and discovered that he had exactly $10 in his bank. He also observed
that he had 11 less dimes than nickels in his bank. How many coins were in Phil’s bank?

Solution
Solution 1
In this solution we will solve the problem without using equations.
Phil had 11 less dimes than nickels. In other words, there are 11 more nickels than dimes.
These 11 nickels are worth 11 × 5 = 55¢ or $0.55. The remaining $10.00 − $0.55 = $9.45 would
be made up using an equal number of nickels and dimes. Each nickel-dime combination is
worth 15¢ or $0.15. By dividing $9.45 by $0.15 we determine the number of 15 cent
combinations that are required to make the total. Since $9.45 ÷ $0.15 = 63 we need 63
nickel-dime pairs. That is, we need 63 nickels and 63 dimes to make $9.45. But there are 11
more nickels. Therefore, there is a total of 63 + 63 + 11 = 137 coins in his bank.

Solution 2
In this solution we will solve the problem using an equation.
Let d represent the number of dimes and (d + 11) represent the number of nickels. Since each
dime is worth 10¢, the value of d dimes is (10d)¢. Since each nickel is worth 5¢, the value of
(d + 11) nickels is 5(d + 11)¢. The bank contains a total value of $10 or 1 000¢. Therefore,
Value of Dimes (in ¢) + Value of Nickels (in ¢)
10d + 5(d + 11)
10d + 5d + 55
15d
15d
d
d + 11

=
=
=
=
=
=
=

Total Value (in ¢)
1 000
1 000
1 000 − 55
945
63
74

There are 63 dimes and 74 nickels for a total of 63 + 74 = 137 coins in his bank.

Problem of the Week
Problem C
A Process - Add then Multiply
Two positive integers, a and b, are both greater than 1. The second integer, b, is
larger than the first integer, a. After b is increased by 1, it is multiplied by a.
The resulting product is 260. This information can be represented by the
equation a × (b + 1) = 260.
Determine all possible values of a and b that satisfy the equation.
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Problem of the Week
Problem C and Solution
A Process - Add then Multiply
Problem
Two positive integers, a and b, are both greater than 1. The second integer, b, is larger than
the first integer, a. After b is increased by 1, it is multiplied by a. The resulting product is 260.
This information can be represented by the equation a × (b + 1) = 260.
Determine all possible values of a and b that satisfy the equation.

Solution
In considering only the equation a × (b + 1) = 260, we see that we are looking for
two integers, each greater than 1, that multiply to 260. The first integer is a and
the second integer is an integer that is 1 larger than b. We also want the second
integer to be greater than the first integer.
We can generate the following list of valid pairs of integers that multiply to 260:
260 = 2 × 130 = 4 × 65 = 5 × 52 = 10 × 26 = 13 × 20.
There are other pairs of positive integers that multiply to 260 but each of them
can be excluded because of the given restrictions.
We can exclude 260 = 1 × 260 and 260 = 260 × 1 because both integers must be
greater than 1.
We can also exclude 260 = 130 × 2, 260 = 65 × 4, 260 = 52 × 5, 260 = 26 × 10,
and 260 = 20 × 13 because the second integer must be larger than the first
integer.
Since b is 1 less than the second integer in each valid product, we can generate
the pairs of integers that satisfy the equation a × (b + 1) = 260. We will write
the integer pairs as ordered pairs in the form (a, b).
The
The
The
The
The

first ordered pair is (2, 129) since 2 × (129 + 1) = 2 × 130 = 260.
second ordered pair is (4, 64) since 4 × (64 + 1) = 4 × 65 = 260.
third ordered pair is (5, 51) since 5 × (51 + 1) = 5 × 52 = 260.
fourth ordered pair is (10, 25) since 10 × (25 + 1) = 10 × 26 = 260.
final ordered pair is (13, 19) since 13 × (19 + 1) = 13 × 20 = 260.

The five ordered pairs (a, b) that satisfy the equation a × (b + 1) = 260 as well as
all the other conditions are (2, 129), (4, 64), (5, 51), (10, 25), and (13, 19).

Problem of the Week
Problem C
It’s Lost
The water content of a certain fruit, by weight, is 80%. Therefore, 20% of the
fruit, by weight, is other material.
When left in the sun to dry, the fruit loses 75% of its water content, and the
amount of other material remains the same.
What percent of the dried fruit is water?
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Problem of the Week
Problem C and Solution
It’s Lost
Problem
The water content of a certain fruit, by weight, is 80%. Therefore, 20% of the fruit, by weight,
is other material. When left in the sun to dry, the fruit loses 75% of its water content, and the
amount of other material remains the same. What percent of the dried fruit is water?

Solution
Solution 1
Let’s consider a piece of fruit that originally weighs 100 g. If 80% of the weight is
water, that means that 80 g is water and 20 g is other material.
When left in the sun to dry, the fruit loses 75% of its water weight. So it loses
75% of 80 g = 0.75 × 80 = 60 g of water, and 80 − 60 = 20 g of water remains.
The dried fruit still contains 20 g of other material. Therefore, the dried fruit
consists of 20 g of water and 20 g other material.
20
The dried fruit is therefore
× 100% = 50% water.
20 + 20
Solution 2
Suppose the fruit originally weighs x g. If 80% of the weight is water, that means
that 80% of x = 0.8 × x = 0.8x g is water and 20% of x = 0.2x g is other
material.
When left in the sun to dry, the fruit loses 75% of its water weight. So it loses
75% of 0.8x = 0.75 × 0.8x = 0.6x g of water, and therefore 0.8x − 0.6x = 0.2x g
of water remains.
The dried fruit still contains 0.2x g of other material. Therefore, the dried fruit
consists of 0.2x g of water and 0.2x g other material.
Since the amount of water in the dried fruit is the same as the amount of other
material, the dried fruit consists of 50% water and 50% other material.

Problem of the Week
Problem C
Filtering Up
In the following grid, a number in any square above the bottom row is obtained
by adding the numbers connected to it from the row below. For example, the 5 in
the second last row is obtained by adding the numbers connected to it in the row
below, 2 and 3. The numbers filter up until reaching the final square containing
2x. That is, the number in the top square is two times the unknown number in
the bottom row.
Determine the value of x.
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Problem of the Week
Problem C and Solution
Filtering Up
Problem
In the grid above, a number in any square located above the bottom row is obtained by adding
the numbers connected to it from the row below. For example, the 5 in the second last row is
obtained by adding the numbers connected to it in the row below, 2 and 3. The numbers filter
up until reaching the final square containing 2x. That is, the number in the top square is two
times the unknown number in the bottom row. Determine the value of x.

Solution
Solution 1
In the first solution a trial and error type solution
will be presented. We will pick a value for x and then
complete the grid.
Let x = 0. We would expect 2x = 2(0) = 0.
However, after completing the grid, 2x = 12 6= 0.
Therefore, x 6= 0.
Let x = 5. We would expect 2x = 2(5) = 10. After completing the grid, 2x = 27 6= 10. Therefore,
x 6= 5. For our next trial we should choose a number lower than x = 0.
Let x = −5. We would expect 2x = 2(−5) = −10.
However, after completing the grid, 2x = −3 6= −10.
Therefore, x 6= −5.
Let x = −12. We would expect 2x = 2(−12) = −24.
After completing the grid, 2x = −24, the expected
value. Therefore, x = −12.

This solution is valid but not efficient. To reach the solution could take many,
many trials. In the second solution, we will look at an algebraic approach.

Solution 2
For easy reference, label all of the empty, unshaded squares in the grid as shown.

We can complete the second row using the addition rule for the grid, a = 3 + x
and b = x + 1.
Moving to the third row, c = 5 + a = 5 + 3 + x = 8 + x and
d = a + b = 3 + x + x + 1 = 4 + 2x.
Finally, in the fourth row, 2x = c + d = 8 + x + 4 + 2x = 3x + 12.
We can now solve the equation.
2x
2x − 2x
0
0 − 12
x

=
=
=
=
=

3x + 12
3x − 2x + 12
x + 12
x + 12 − 12
−12

Subtracting 2x from both sides
Simplifying
Subtracting 12 from both sides

Therefore, x = −12.
An algebraic solution to this problem is much more efficient. Some students may
not quite have the necessary background to complete this solution on their own
at this point.

Problem of the Week
Problem C
All the Way Across
Francie has a field. It is made up of rectangle ABCD and right triangle ABE, as
shown below. She knows the length of AC, the diagonal of the rectangle, is 39 m.
She also knows the lengths of sides EA and EB of the triangle are 8 m and 17 m,
respectively. She would like to know the distance from E to C.
What is the length of EC, accurate to one decimal place?

The Pythagorean Theorem states that in a right triangle, the square of the length
of the hypotenuse (the side opposite the right angle) is equal to the sum of the
squares of the lengths of the other two sides.
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Problem of the Week
Problem C and Solution
All the Way Across
Problem
Francie has a field. It is made up of rectangle ABCD and right triangle ABE, as shown above. She
knows the length of AC, the diagonal of the rectangle, is 39 m. She also knows the lengths of sides EA
and EB of the triangle are 8 m and 17 m, respectively. She would like to know the distance from E to
C. What is the length of EC, accurate to one decimal place?

Solution
Step 1: In 4ABE, let AB = h.
Since 4ABE is a right triangle, we can use the Pythagorean Theorem.
AB 2 + EA2
h2 + 82
h2 + 64
h2

=
=
=
=
=
h =

EB 2
172
289
289 − 64
225
15, since h > 0

Step 2: In 4ADC, let AD = b.
Since ABCD is a rectangle, then AB = DC = 15 and ∠ADC = 90◦ .
Therefore, 4ADC is a right triangle and we can use the Pythagorean Theorem.
AD2 + DC 2
b2 + 152
b2 + 225
b2

=
=
=
=
=
b =

AC 2
392
1521
1521 − 225
1296
36, since b > 0

Step 3: In 4EDC, let EC = d.
We know that DC = 15, ∠EDC = ∠ADC = 90◦ , and ED = EA + AD = 8 + 36 = 44 m.
Since 4EDC is a right triangle, we can use the Pythagorean
Theorem.
EC 2 = ED2 + DC 2
d2 = 442 + 152
= 1936 + 225
= 2161
√
=
2161
d ≈ 46.5, since d > 0

Therefore, the length of EC is approximately 46.5 m.

Problem of the Week
Problem C
Garden Paths
In a garden, Jazzmin travels through the labyrinth shown from Entrance to Exit.
She is only allowed to travel east, south, or southeast along a path.
How many different routes can Jazzmin take from Entrance to Exit?
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Problem of the Week
Problem C and Solution
Garden Paths
Problem
In a garden, Jazzmin travels through the labyrinth shown above from Entrance to Exit. She is
only allowed to travel east, south, or southeast along a path. How many different routes can
Jazzmin take from Entrance to Exit?

Solution
We could solve this problem by tracing out different
routes and counting how many we find. We will set up
a systematic approach to doing so, to ensure that we
do not miss any routes.
We begin by labelling the Entrance with the letter S
for Start and the Exit with the letter F for Finish. We
will then label the seven intersections in the maze as
A, B, C, D, E, G, and H, as shown.

S

A

B

C

D

E

G

H

F

Since Jazzmin can only travel east, south, or southeast along a path, starting at S she has only
two choices as to where to go next: A or C.
Case 1: Jazzmin travels from S to A
Again, since Jazzmin can only travel east, south, or southeast along a path, she has only two
choices as to where to go next: B or D.
If Jazzmin travels to B, then since she can only travel east, south or southeast, she must go to
E next, followed by F . Therefore, one route from S to F is SABEF .
If Jazzmin travels to D, then since she can travel east, south or southeast, she can go to E, F
or H next.
• If she travels from D to E, she must then go to F . Therefore, one route from S to F is
SADEF .
• If she travels from D to F , we have found another route. Therefore, one route from S to
F is SADF .
• If she travels from D to H, she must then go to F . Therefore, one route from S to F is
SADHF .
Therefore, there are four routes from S to F in which Jazzmin first travels from S to A. They
are SABEF , SADEF , SADF , and SADHF .

Case 2: Jazzmin travels from S to C
Since Jazzmin can travel east, south or southeast, she could travel to D, H or G next.
• If she travels from C to D, she again has 3 choices: travel from D to E, F or H. We get
three different routes: SCDEF , SCDF and SCDHF .
• If she travels from C to H, from H she must go to F . We have found another route,
SCHF .
• If she travels from C to G, she must then go to H then F . We have found another route,
SCGHF .
Therefore, there are five routes from S to F in which Jazzmin first travels from S to C. They
are SCDEF , SCDF , SCDHF , SCHF , and SCGHF .
In total, there are 4 + 5 = 9 different routes that Jazzmin can take from Entrance to Exit.

Problem of the Week
Problem C
Round Round We Go
Each integer from 1 to 12 is to be placed around the outside of a circle so that
the positive difference between any two integers next to each other is at most 2.
The integers 3, 4, x, and y are placed as shown.
What is the value of x + y?
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Problem of the Week
Problem C and Solution
Round Round We Go
Problem
Each integer from 1 to 12 is to be placed around the outside of a circle so that the positive
difference between any two integers next to each other is at most 2. The integers 3, 4, x, and y
are placed as shown. What is the value of x + y?

Solution
Because two integers that are placed next to each other
must have a difference of at most 2, then the possible
neighbours of 1 are 2 and 3. Since 1 has exactly two
neighbours, then 1 must be between 2 and 3.
Next, consider 2. Its possible neighbours are 1, 3 and
4. The number 2 is already a neighbour of 1 and cannot
be a neighbour of 3 (since 3 is on the other side of 1).
Therefore, 2 is between 1 and 4. This allows us to update
the diagram to the right.
Continuing in this way, the possible neighbours of 3 are
1, 2, 4, 5. The number 1 is already next to 3. Numbers 2
and 4 cannot be next to 3. So 5 must be next to 3.
The possible neighbours of 4 are 2, 3, 5, 6. The number 2
is already next 4. Numbers 3 and 5 cannot be next to 4.
So 6 must be next to 4.
Similarly, we know 7 will be next to 5 and 8 next to 6.
This makes x = 8. Continuing this way, we know 9 is
next to 7, 10 is next to 8, 11 is next to 9 and 12 is next to
10. This makes y = 12. This is shown in the completed
circle to the right.
Therefore the sum of x and y is 8 + 12 = 20.

Problem of the Week
Problem C
What Remains?
35 means 3 × 3 × 3 × 3 × 3 and equals 243 when expressed as an integer. When
35 is divided by 5, the remainder is 3.
When the integer 32019 is divided by 5, what is the remainder?
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Problem of the Week
Problem C and Solution
What Remains?
Problem
35 means 3 × 3 × 3 × 3 × 3 and equals 243 when expressed as an integer. When 35 is divided by
5, the remainder is 3. When the integer 32019 is divided by 5, what is the remainder?

Solution
When the units digit of an integer is 0 or 5, the remainder is 0 when divided by
5. When the units digit of an integer is 1 or 6, the remainder is 1 when divided
by 5. For example, 56 ÷ 5 = 11 R1. When the units digit of an integer is 2 or 7,
the remainder is 2 when divided by 5. When the units digit of an integer is 3 or
8, the remainder is 3 when divided by 5. When the units digit of an integer is 4
or 9, the remainder is 4 when divided by 5.
So let’s examine the pattern of the units digits on the first eight powers of 3.
Exponent

Power

Value

Units Digit

1
2
3
4
5
6
7
8

31
32
33
34
35
36
37
38

3
9
27
81
243
729
2187
6561

3
9
7
1
3
9
7
1

It would appear that there is a pattern in the units digits that repeats every four
powers of 3. The pattern would continue: the units digits of 39 , 310 , 311 , 312
would be 3, 9, 7, 1, respectively. So we need to determine how many complete
groups of four are in 2019. We determine that 2019 ÷ 4 = 504 R3. There are 504
complete repetitions of the pattern of units digits and 3 numbers into the next
pattern. This means that the units digit of 32019 is 7, the third number in the
pattern of the units digits. Since the units digit is 7, the remainder when 32019 is
divided by 5 is 2.
∴ when 32019 is divided by 5, the remainder is 2.

Problem of the Week
Problem C
Remix
A bin contains 10 kg of peanuts. 2 kg of peanuts are removed and 2 kg of raisins
are added and thoroughly mixed in. Then 2 kg of this mixture are removed and 2
kg of raisins are added and thoroughly mixed in again. What is the ratio of the
mass of peanuts to the mass of raisins in the final mixture?
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Problem of the Week
Problem C and Solution
Remix
Problem
A bin contains 10 kg of peanuts. 2 kg of peanuts are removed and 2 kg of raisins are added and
thoroughly mixed in. Then 2 kg of this mixture are removed and 2 kg of raisins are added and
thoroughly mixed in again. What is the ratio of the mass of peanuts to the mass of raisins in
the final mixture?

Solution
When 2 kg of the 10 kg of peanuts are removed, there are 8 kg of peanuts
remaining.
Since 2 kg of raisins are added, then there are 2 kg of raisins in the bin.
The peanuts and raisins are then thoroughly mixed and the total mass of the
mixture is 8 + 2 = 10 kg.
Since 2 kg of this mixture is removed and this is one-fifth of the total mass of 10
kg, then one-fifth of the mass of peanuts (or 51 × 8 = 1.6 kg) is removed and
one-fifth of the mass of raisins (or 15 × 2 = 0.4 kg) is removed.
This leaves 8 − 1.6 = 6.4 kg of peanuts and 2 − 0.4 = 1.6 kg of raisins.
When 2 kg of raisins are then added, the mass of raisins becomes 1.6 + 2 = 3.6 kg.
There are now 6.4 kg of peanuts and 3.6 kg of raisins.
Therefore, the ratio of the mass of peanuts to the mass of raisins is
6.4 : 3.6 = 64 : 36 = 16 : 9.

Problem of the Week
Problem C
Lookover Lane
Lookover Lane divides two rows of houses. Each house on one side of the lane is
directly opposite a house on the other side of the lane.
The houses are numbered consecutively 1, 2, 3, and so on along one side. Once the
end of that side of the lane is reached, the consecutive numbering continues at the
house on the other side of the street opposite house number 1. The consecutive
numbering continues along this second side until the last house is numbered.
If there were eight houses on the lane, they would be numbered as shown in the
diagram below.
However, on the actual lane, when the residents of house number 37 look directly
across the lane, they see the house numbered 84. How many houses are on
Lookover Lane?

1

2

3

4

LOOKOVER LANE

5
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Problem of the Week
Problem C and Solution
Lookover Lane
Problem
Lookover Lane divides two rows of houses. Each house on one side of the lane is directly
opposite a house on the other side of the lane. The houses are numbered consecutively 1, 2, 3,
and so on along one side. Once the end of that side of the lane is reached, the consecutive
numbering continues at the house on the other side of the street opposite house number 1. The
consecutive numbering continues along this second side until the last house is numbered. When
the residents of house number 37 look directly across the lane, they see the house numbered 84.
How many houses are on Lookover Lane?

Solution
Solution 1
In this solution we will use logic to reason the number of houses on Lookover Lane.
There are 36 houses before house 37 on the one side of the lane. Therefore, there must be 36
houses on the other side of the lane before house number 84.
So, the first house on the other side of the lane is house number 84 − 36 = 48. Therefore, the
last house on the first side of the lane is house number 47.
Each house on one side has a house directly across from it on the other side. Since there are
47 houses on one side, there are 47 houses on the other side and there are a total of
47 × 2 = 94 houses on Lookover Lane.

Solution 2
In this solution, a variable is introduced to help in the argument.
Suppose there are n houses on one side of Lookover Lane. Then there are a total of 2 × n = 2n
houses on both sides of the lane. House 1 is opposite house n + 1, house 2 is opposite house
n + 2, house 3 is opposite house n + 3, and so on. (The . . . below represent the houses in
between house 3 and house 37 and again the houses between house 37 and house n. Similarly
for the second row) House 37 is opposite house 84 and house n is opposite house 2n.
1
2
3 ...
n + 1 n + 2 n + 3 ...

37 . . . n
84 . . . 2n

There are 36 houses before house 37. Therefore, there must be 36 houses before house 84.
So, the first house in the second row is house number 84 − 36 = 48. This is house n + 1.
Therefore, the last house in the first row, house n, is house number 47.
Therefore, there are 47 × 2 = 94 houses on Lookover Lane.

Problem of the Week
Problem C
Cookie Shares
Sheetal has some cookies. She gives one-third of her cookies to Gil. She then eats
4 cookies, after which she gives one-half of her remaining cookies to Anna. If
Sheetal then has 16 cookies left, how many cookies did she have to begin?
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Problem of the Week
Problem C and Solution
Cookie Shares
Problem
Sheetal has some cookies. She gives one-third of her cookies to Gil. She then eats 4 cookies,
after which she gives one-half of her remaining cookies to Anna. If Sheetal then has 16 cookies
left, how many cookies did she have to begin?

Solution
Solution 1
We work backwards from the last piece of information given.
Sheetal has 16 cookies left after giving one-half of her remaining cookies to Anna.
This means that she had 2 × 16 = 32 cookies immediately before giving cookies
to Anna.
Immediately before giving cookies to Anna, she ate 4 cookies, which means that
she had 32 + 4 = 36 cookies immediately before eating the 4 cookies.
Immediately before eating these cookies, she gave one-third of her cookies to Gil,
which would have left her with two-thirds of her original amount.
Since two-thirds of her original amount equals 36 cookies, then one-third equals
one half of 36 or 36
2 = 18 cookies.
Thus, she gave 18 cookies to Gil, and so Sheetal started with 36 + 18 = 54
cookies.
Solution 2
Suppose Sheetal started with x cookies.
She gives 13 x cookies to Gil, leaving her with 1 − 13 x = 32 x cookies.
She then eats 4 cookies, leaving her with 32 x − 4 cookies.
Finally, she gives away one-half of what she has left to Anna, which means that
she keeps one-half of what she has left, and so she keeps 12 ( 32 x − 4) cookies.
Simplifying this expression, we obtain 26 x − 42 = 13 x − 2 cookies.
Since she has 16 cookies left, then 31 x − 2 = 16 and so 13 x = 18 or x = 54.
Therefore, Sheetal began with 54 cookies.

Problem of the Week
Problem C
Wait for the Beep
The game Beep is played by a group of people counting up through the positive
integers starting at 1. The first person says “one”, the second “two”, and so on.
However, every time a multiple of 9, or a number containing the digit 9 is
encountered, to avoid losing, the person must say “beep” instead of stating the
number. For example, one part of the game would sound like this: “twelve”,
“thirteen”, “fourteen”, “fifteen”, “sixteen”, “seventeen”, “beep”, “beep”, “twenty”.
“Eighteen” is replaced by “beep”, since it is a multiple of 9, and “nineteen” is
replaced by “beep”, since it contains the digit 9.
If a group successfully makes it to 200, how many times has “beep” been said?

Did you know that a number is divisible by 9 exactly when the sum of its digits
is divisible by 9? For example, the number 214 578 is divisible by 9 since
2 + 1 + 4 + 5 + 7 + 8 = 27, which is divisible by 9. In fact, 214 578 = 9 × 23 842.
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Problem of the Week
Problem C and Solution
Wait for the Beep
Problem
The game Beep is played by a group of people counting up through the positive integers
starting at 1. The first person says “one”, the second “two”, and so on. However, every time a
multiple of 9, or a number containing the digit 9 is encountered, to avoid losing, the person
must say “beep” instead of stating the number. For example, one part of the game would sound
like this: “twelve”, “thirteen”, “fourteen”, “fifteen”, “sixteen”, “seventeen”, “beep”, “beep”,
“twenty”. “Eighteen” is replaced by “beep”, since it is a multiple of 9, and “nineteen” is replaced
by “beep”, since it contains the digit 9.
If a group successfully makes it to 200, how many times has “beep” been said?

Solution
We first calculate the number of multiples of 9 between 1 and 200. Since
200 = (22 × 9) + 2, there are 22 multiples of 9 from 1 to 200, each of which will
be replaced by one “beep”.
Now let’s look at how many of the integers from 1 to 200 contain the digit 9.
These numbers are 9, 19, . . . , 79, 89 as well as 90, 91, . . . , 98, 99. There are 19 of
these numbers from 1 to 100. There are another 19 between 100 and 200, which
are obtained by adding 100 to the above numbers. Therefore, there are 38
integers from 1 to 200 that contain the digit 9, and 22 that are multiples of 9.
Some numbers that are multiples of 9 will also contain the digit 9, and will have
been counted twice. There are 5 of these numbers between 1 and 200: 9, 90, 99,
189, and 198.
Hence, the number of positive integers less than 200 replaced by a “beep” is
38 + 22 − 5 = 55, and the word “beep” is said 55 times.
EXTENSION: If a group successfully makes it to 2019, how many times has
“beep” been said?

Problem of the Week
Problem C
Pi Day Squares
Pi Day is an annual celebration of the mathematical constant π. Pi Day is observed on March
14, since 3, 1, and 4 are the first three significant digits of π.
Archimedes determined lower bounds (minimum values) for π by finding the perimeters of
regular polygons inscribed in a circle with diameter of length 1. (An inscribed polygon of a
circle has all of its vertices on the circle.)
He also determined upper bounds (maximum values) for π by finding the perimeters of regular
polygons circumscribed in a circle with diameter of length 1. (A circumscribed polygon of a
circle has all sides tangent to the circle. That is, each side of the polygon touches the circle in
one spot.)
We will determine a lower and an upper bound for π by looking at squares inscribed and
circumscribed in a circle with centre C and diameter 1.

inscribed
square
ABDE

⇒

⇐

circumscribed
square
F GHJ

Since the circle has diameter 1, it has circumference equal to π. The perimeter of the inscribed
square ABDE will give a lower bound for π and the perimeter of the circumscribed
square F GHJ will give an upper bound for π.
Using these squares, determine a lower bound for π (minimum value) and an upper bound
(maximum value) for π.
——————————————————————————————–
You may want to use the following facts:
1. The diagonals of both an inscribed and circumscribed
square meet at the centre of the circle, C, and the
diagonals of the square meet at 90◦ .
2. The Pythagorean Theorem states that in a right triangle,
the square of the length of the hypotenuse (the side
opposite the right angle) is equal to the sum of the
squares of the lengths of the other two sides.
3. The radius of a circle is perpendicular to a tangent of
the circle at the point of tangency.
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Problem of the Week
Problem C and Solution
Pi Day Squares
Problem
Archimedes determined lower bounds (minimum values) for π by finding the perimeters of
regular polygons inscribed in a circle with diameter of length 1. He also determined upper
bounds (maximum values) for π by finding the perimeters of regular polygons circumscribed in
a circle with diameter of length 1. We will determine such bounds by looking at squares
inscribed and circumscribed in a circle with centre C and diameter 1. Since the circle has
circumference equal to π, the perimeter of the inscribed square ABDE will give a lower bound
for π and the perimeter of the circumscribed square F GHJ will give an upper bound for π.
Using these squares, determine a lower bound and an upper bound for π.
Solution
For the inscribed square, draw line segments AC and BC. Both AC and BC are radii of the
circle with diameter 1 so AC = BC = 0.5. Since the diagonals of a square are perpendicular at
C, it follows that 4ACB is a right triangle with ∠ACB = 90◦ . We can use the Pythagorean
Theorem to find the length of AB.
AB 2 = AC 2 + BC 2
= (0.5)2 + (0.5)2
= 0.25 + 0.25
= 0.5
√
0.5 (since AB > 0)
AB =
≈ 0.707
Since AB is one of the sides of the inscribed square, the perimeter of square ABDE is equal to
4 × AB ≈ 4 × 0.707 = 2.828. This gives us a lower bound for π.
For the circumscribed square, let M be the point of tangency on side
F J and let N be the point of tangency on GH. Draw radii CM and
CN . Since M is a point of tangency, we know that ∠F M C = 90◦ ,
and thus CM is parallel to F G. Similarly, CN is parallel to F G.
Thus, M N is a straight line segment, and since it passes through C, the centre of the circle,
M N must also be a diameter of the circle. Thus, M N = 1. Also, F M N G is a rectangle, so
F G = M N = 1 and the perimeter of square F GHJ is equal to 4 × F G = 4(1) = 4. This is an
upper bound for π.
Therefore, a lower bound (minimum value) for π is approximately 2.828 and an upper bound
(maximum value) for π is 4. That is, 2.828 < π < 4.
NOTE: Since we know that π ≈ 3.14, these are not the best bounds for π. Archimedes used
regular polygons with more sides to get better approximations. In the POTW D problem, we
investigate using regular hexagons to get a better approximation.

Problem of the Week
Problem C
Will that be Large or Small?
A crafty student has been making two types of bracelets. The smaller bracelets
contain four coloured beads each and the larger bracelets contain seven coloured
beads each. So far, a total of 99 beads have been used.
How many of each type of bracelet have been made? (There may be more than
one possible answer.)
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Problem of the Week
Problem C and Solution
Will that be Large or Small?
Problem
A crafty student has been making two types of bracelets. The smaller bracelets contain four
coloured beads each and the larger bracelets contain seven coloured beads each. So far, a total
of 99 beads have been used. How many of each type of bracelet have been made? (There may
be more than one possible answer.)

Solution
Let S represent the number of small bracelets and L represent the number of large bracelets.
Since the small bracelets use 4 beads each, S bracelets would use 4 × S or 4S beads in total.
Since the large bracelets use 7 beads each, L bracelets would use 7 × L or 7L beads in total.
Since a total of 99 beads have been used, 4S + 7L = 99, and L and S integers greater than or
equal to 0.
We can also determine a maximum value for L. Each large bracelet uses 7 beads. We know
that 99 ÷ 7=14.1,
˙
so L must be a non-negative integer less than or equal to 14. We could at
this point check all of the possible integer values for L from 0 to 14. However, we can narrow
down the possibilities even more.
In the equation, 4S + 7L = 99, 4S will always be an even integer since 4 times any integer is
always even. We then have an even number plus 7L equals the odd number 99. This means
that 7L must be an odd number. (An even number plus an even number would be an even
number, not an odd number.) For 7L to be an odd number, L must be odd. (If L is even, 7L
would be even.) This observation reduces the possible values for L to the odd positive integers
between 0 and 14, namely 1, 3, 5, 7, 9, 11, 13. Now we can test the possible values of L to see
which ones, if any, produce a valid possibility for S.
Number
of Large
Bracelets
L
1
3
5
7
9
11
13

Number
of Beads
Used
7L
7×1=7
7 × 3 = 21
7 × 5 = 35
7 × 7 = 49
7 × 9 = 63
7 × 11 = 77
7 × 13 = 91

Number
of Beads
Remaining
99 − 7L
99 − 7 = 92
99 − 21 = 78
99 − 35 = 64
99 − 49 = 50
99 − 63 = 36
99 − 77 = 22
99 − 91 = 8

Number
of Small
Bracelets
(99 − 7L) ÷ 4
92 ÷ 4 = 23
78 ÷ 4 = 19.5
64 ÷ 4 = 16
50 ÷ 4 = 12.5
36 ÷ 4 = 9
22 ÷ 4 = 5.5
8÷4=2

Valid or Invalid
Possibility?
valid, it is an integer
invalid, not an integer
valid, it is an integer
invalid, not an integer
valid, it is an integer
invalid, not an integer
valid, it is an integer

There are four valid possibilities. The crafty student has either made 1 large bracelet and 23
small bracelets, or 5 large bracelets and 16 small bracelets, or 9 large bracelets and 9 small
bracelets, or 13 large bracelets and 2 small bracelets.

Problem of the Week
Problem C
The Biggest
ABC is a three-digit integer whose first digit is A, second digit is B and third
digit is C. Similarly, DEF is a three-digit integer whose first digit is D, second
digit is E and third digit is F .
Also, A, B, C, D, E and F are each distinct nonzero digits, and

ABC
+ DE F
1 0 0 0
Determine the largest possible three-digit integer ABC that satisfies the
restrictions above.
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Problem of the Week
Problem C and Solution
The Biggest
Problem
A, B, C, D, E and F are each distinct nonzero digits, and
ABC
+DEF
1 0 0 0
Determine the largest possible three-digit integer ABC that satisfies the restrictions above.

Solution
If we look at the ones column, since C and F are both digits from 1 to 9 and sum
to a number that ends in 0, the sum must be 10. (The sum cannot be zero since
neither C nor F is zero. The sum cannot be 20 or more, as C and F are digits.).
That is, C + F = 10. Therefore, there is a carry of 1 into the tens columns.
Similarly, the sum in the tens column must also be 10, so B + E + 1 = 10 or
B + E = 9, and there is a carry of 1 into the hundreds column. Therefore,
A + D + 1 = 10 or A + D = 9.
1 1
ABC
+ DE F
1 0 0 0
To determine the largest value for ABC, A must be as large as possible. Since
A + D = 9, A is largest when A = 8 and D = 1.
The next step is to make B as large as possible. Since B + E = 9, then B is
largest when B = 8 and when E = 1. However, we already have A = 8 and
D = 1 and we are not allowed repetitions. Therefore, the largest allowable value
of B occurs when B = 7 and E = 2.
Finally, we need to make C as large as possible. Since C + F = 10, then C is
largest when C = 9 and F = 1. However, since we are not allowed repeated
digits, we cannot use this solution. Also, we cannot use the solution C = 8 and
F = 2, since we already have A = 8 and E = 2. We also cannot use the solution
C = 7 and F = 3, since we already have B = 7. Therefore, the largest allowable
value for C is C = 6 when F = 4.
Therefore, the largest possible three-digit integer ABC is 876.
Indeed, we can check that when ABC is 876, we have DEF equal to 124, and
ABC + DEF = 876 + 124 = 1000.

Problem of the Week
Problem C
There and Back
Julian biked a 24 km trip to Guelph. On his way there, his average speed was
12 km/h. On his way home, he stopped for a break, so his average speed was only
8 km/h. What was his average speed, in km/h, for the entire round-trip?
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Problem of the Week
Problem C and Solution
There and Back
Problem
Julian biked a 24 km trip to Guelph. On his way there, his average speed was 12 km/h. On his
way home, he stopped for a break, so his average speed was only 8 km/h. What was his
average speed, in km/h, for the entire round-trip?

Solution
Julian’s 24 km trip to Guelph at 12km/h took 24
12 = 2 hrs.
Julian’s 24 km on the trip home at 8 km/h took 24
8 = 3 hrs.
The total distance is 24 + 24 = 48 km. The total time is 2 + 3 = 5 hrs.
Therefore, the average speed for the entire trip is 48
5 = 9.6 km/h.

Problem of the Week
Problem C
One Number Please
A total of 120 five-digit numbers of the form abcde can be created where each of
the digits a, b, c, d, and e is one of the digits 1, 2, 3, 4, and 5, and each digit is in
the number exactly once. Only one of these five-digit numbers satisfies all of the
following conditions:
(i) the three-digit number abc is divisible by 4;
(ii) the three-digit number bcd is divisible by 5; and
(iii) the three-digit number cde is divisible by 3.
Determine the number that satisfies all the above conditions.
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Problem of the Week
Problem C and Solution
One Number Please
Problem
A total of 120 five-digit numbers of the form abcde can be created where each of the digits
a, b, c, d, and e is one of the digits 1, 2, 3, 4, and 5, and each digit is in the number exactly
once. Only one of these five-digit numbers satisfies all of the following conditions: (i) the
three-digit number abc is divisible by 4, (ii) the three-digit number bcd is divisible by 5, and
(iii) the three-digit number cde is divisible by 3. Determine the number that satisfies all the
above conditions.

Solution
Condition (ii) states that bcd is divisible by 5. For a number to be divisible by 5,
it must end in 0 or 5. Since d = 0 is not permitted, d = 5 is the only possibility.
Therefore, the number looks like abc5e.
Condition (i) states that abc is divisible by 4. If a number is divisible by 4, the
number must be even, so the last digit cannot be odd. It follows that c must be
even. Therefore, c = 2 or c = 4 and the number looks like ab25e or ab45e.
Condition (iii) states that cde is divisible by 3. From condition (i), we know that
c = 2 or c = 4. First, consider the case when c = 2. From condition (iii), we
know that 25e is divisible by 3. Also, since c = 2 and d = 5, the only possible
values for e are 1, 3, and 4. Since none of 251, 253, and 254 are divisible by 3, it
must be the case that c is not equal to 2. Now, consider the case when c = 4.
From condition (iii), we know that 45e is divisible by 3. Also, since c = 4 and
d = 5, the only possible values for e are 1, 2, and 3. The numbers 451 and 452
are not divisible by 3, but the number 453 is divisible by 3. Thus, the only
possibility is for the number to look like ab453.
Therefore, the first three digits are ab4, and from condition (i) we need ab4 to be
divisible by 4. There are only two possible values for a and b remaining, namely
a = 1 and b = 2 or a = 2 and b = 1. If a = 1 and b = 2, ab4 is 124, which is
divisible by 4. If a = 2 and b = 1, ab4 is 214, which is not divisible by 4.
Therefore, a = 1 and b = 2 and the number is 12453.
Therefore, the only number that satisfies all the conditions is 12453.

Problem of the Week
Problem C
Farther Each Day
Cy Kler has mapped out a 560 km bike route that he wants to complete in seven
days. Each day he wants to ride 15 km more than the day before.
If Cy is able to follow his plan, then how many kilometers will he have to ride on
the seventh day of the trip?

Strands

Number Sense and Numeration, Patterning and Algebra

Problem of the Week
Problem C and Solution
Farther Each Day
Problem
Cy Kler has mapped out a 560 km bike route that he wants to complete in seven days. Each
day he wants to ride 15 km more than the day before. If Cy is able to follow his plan, then how
many kilometers will he have to ride on the seventh day of the trip?

Solution
Solution 1
We will begin by representing the information on a diagram.
!"#$%

!"#$*

!"#$+

!"#$,

!"#$'

!"#$-

!"#$.

!"#$%
!"#$%$&$%'$()
!"#$%$&$%'$()$&$%'$()
!"#$%$&$%'$()$&$%'$()$&$%'$()
!"#$%$&$%'$()$&$%'$()$&$%'$()$&$%'$()
!"#$%$&$%'$()$&$%'$()$&$%'$()$&$%'$()$&$%'$()
!"#$%$&$%'$()$&$%'$()$&$%'$()$&$%'$()$&$%'$()$&$%'$()

The total distance is made up of seven trips with the same length as Day 1 plus
15 + 2(15) + 3(15) + 4(15) + 5(15) + 6(15) = 15 + 30 + 45 + 60 + 75 + 90 = 315 km.
So seven days riding the same distance as Day 1 would total
560 − 315 = 245 km. On Day 1, Cy Kler will ride 245 ÷ 7 = 35 km.
On Day 7, Cy Kler will ride the Day 1 distance plus 6 × 15 = 90 km. The total
distance that he will travel on the seventh day will be 35 + 90 = 125 km.
This first solution deliberately avoids algebra and equations. Many solvers would
be able to reason the solution in a similar way.
The second and third solutions will present more algebraic approaches.

Solution 2
Let x be the distance Cy Kler will ride on the first day. Then he will ride
x + 15, x + 30, x + 45, x + 60, x + 75, and x + 90 km on days two through
seven, respectively. Then,
x + (x + 15) + (x + 30) + (x + 45) + (x + 60) + (x + 75) + (x + 90)
7x + 15 + 30 + 45 + 60 + 75 + 90
7x + 315
7x + 315 − 315
7x
7x
7
x

=
=
=
=
=

560
560
560
560 − 315
245
245
=
7
= 35

Cy Kler will ride 35 km on the first day. On the seventh day, he will ride
x + 90 = 35 + 90 = 125 km.
Solution 3
Let m be the distance Cy will travel on day four, the middle day. On day five he
would ride (m + 15) km; on day six he would ride m + 15 + 15 = (m + 30) km;
and on day seven he would ride m + 30 + 15 = (m + 45) km. Working backwards
from day four we reduce the distance he rides by 15 km. On day three Cy would
ride (m − 15) km; on day two he would ride m − 15 − 15 = (m − 30) km; and on
day one he would ride m − 30 − 15 = (m − 45) km. Then,
m + (m + 15) + (m + 30) + (m + 45) + (m − 15) + (m − 30) + (m − 45)
7m + 15 + 30 + 45 − 15 − 30 − 45
7m + 15 − 15 + 30 − 30 + 45 − 45
7m
7m
7
m

=
=
=
=

560
560
560
560
560
=
7
= 80

Cy Kler will ride 80 km on the fourth day. On the seventh day, he will ride
m + 45 = 80 + 45 = 125 km.
A solution like solution 3 will work well when there is an odd number of terms in
a sequence that increases (or decreases) by a constant amount.

Problem of the Week
Problem C
Forgot Your Money?
A group of baseball players decided to go out after their game to Good Eating
Apps, a restaurant which serves famous potato crisps. They agreed to equally
split the total cost of the crisps. After everything was eaten, the bill, amounting
to $28.80, arrived at the table.
Three of the players discovered that they had left their wallets at home. This was
awkward, but the remaining players agreed to each pay $0.80 more to cover the
missing amount.
How many players were originally going to pay for the postgame snack?
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Problem of the Week
Problem C and Solution
Forgot Your Money?
Problem
A group of baseball players decided to go out after their game to Good Eating Apps, a
restaurant which serves famous potato crisps. They agreed to equally split the total cost of the
crisps. After everything was eaten, the bill, amounting to $28.80, arrived at the table. Three of
the players discovered that they had left their wallets at home. This was awkward, but the
remaining players agreed to each pay $0.80 more to cover the missing amount. How many
players were originally going to pay for the postgame snack?
Solution
We are looking for two positive integers that differ by three and both divide into $28.80 or
2880 ¢.

We can assume a minimum of five players since after three players discover that they have no
money, there would be a minimum of two players remaining to pay the bill. The problem
states that the remaining “players” agreed to equally cover the cost. This suggests more than
one player.
We will use the following chart to determine the original number of players. The original
number is the actual number who ate the crisps and the number who paid is the number who
paid for the crisps. In the chart, the symbol ≈ is used to mean approximately equal to.
Original
Number
of
Players
5
6
7
8
9
10
11
12

Amount
Agreed
to Pay
(in ¢)
2880
5 = 576
2880
6
2880
7
2880
8
2880
9
2880
10
2880
11
2880
12

Number
of Players
Who Actually
Paid
5−3=2

= 480

6−3=3

≈ 411

7−3=4

= 360

8−3=5

= 320

9−3=6

= 288

10 − 3 = 7

≈ 262

11 − 3 = 8

= 240

12 − 3 = 9

Amount
Actually
Paid
(in ¢)
2880
2 = 1440
2880
3
2880
4
2880
5
2880
6
2880
7
2880
8
2880
9

Difference
in
Amounts
(in ¢)
1440 − 576 = 864 6= 80

= 960

960 − 480 = 480 6= 80

= 720

720 − 411 = 309 6= 80

= 576

576 − 360 = 216 6= 80

= 480

480 − 320 = 160 6= 80

≈ 411

411 − 288 = 123 6= 80

= 360

360 − 262 = 98 6= 80

= 320

320 − 240 = 80

Therefore, 12 players originally agreed to pay $2.40 each but only 9 players actually paid $3.20
each. Since the differences in the chart are decreasing, we do not need to check past 12 players
for more solutions. At this level, this is probably how you would solve the problem. (You may
have also used a “guess and check” strategy. On the next page, an equation is developed that
could be used to solve the problem algebraically. This alternate solution requires more of a
mathematics background, but we have included it for those who are interested.

Let n represent the number of players who ate the postgame snack.
Then n − 3 represents the number of players who actually paid the bill.

The n players who ate the snack had each agreed to pay 2880
¢.
n
2880
However, n − 3 players actually paid n−3 ¢ each, an amount larger than the amount
originally agreed to.
The difference in the two amounts is 80 ¢.

 

2880
2880
It follows that
−
= 80.
n−3
n
At this point, you could now choose values for n, and substitute in the equation to determine
the value for n that makes the equation true.
Checking when n = 12,


2880
n−3




−

2880
n





=
=
=
=

 

2880
2880
−
12 − 3
12

 

2880
2880
−
9
12
320 − 240
80

How would we solve an equation like this algebraically? The solution requires a few more years
of mathematical training for most students to understand. An unexplained solution is provided
here.
 


2880
2880
−
= 80
n−3
n




2880
2880
(n)(n − 3)
− (n)(n − 3)
= 80(n)(n − 3)
n−3
n
2880n − 2880(n − 3) = 80(n)(n − 3)
2880n − 2880n + 8640 = 80(n)(n − 3)
8640
= n(n − 3)
80
108 = n(n − 3)
(1)
2
108 = n − 3n
0 = n2 − 3n − 108
0 = (n − 12)(n + 9)
n = 12
n = −9
inadmissible since n > 0
At (1), we could have stopped and observed that we are looking for two positive integers that
differ by 3 and whose product is 108. Using positive integers, 12 × 9 = 108 as we found earlier.
The level of mathematics required to solve this entire equation is probably grade 10 or higher.

Problem of the Week
Problem C
Fill ’er Up?
A square-based rectangular aquarium is filled with water. The side length of the
base is 40 cm. The height of the aquarium is 50 cm. The height of the water is
equal to half the height of the aquarium. A solid cube with side length 20 cm is
then thrown into the aquarium and sinks to the bottom.
Does the water level now reach the top of the tank? If not, how far below the top
of the tank does the water reach?
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Problem of the Week
Problem C and Solution
Fill ’er Up?
Problem
A square-based rectangular aquarium is filled with water. The side length of the base is 40 cm.
The height of the aquarium is 50 cm. The height of the water is equal to half the height of the
aquarium. A solid cube with side length 20 cm is then thrown into the aquarium and sinks to
the bottom. Does the water level now reach the top of the tank? If not, how far below the top
of the tank does the water reach?

Solution
Solution 1
= 25 cm.
The height of the water is 50
2
Let’s first calculate the volume of water in the tank using
V olume = Length × W idth × Height.
Volume of Water = 40 × 40 × 25
= 40 000 cm3
The volume of the solid cube is 20 × 20 × 20 = 8000 cm3 . The total volume of water plus solid
cube is 40 000 + 8000 = 48 000 cm3 .
Let x represent the height of the water in the aquarium after the cube is thrown in.
New Volume = Length × Width × Height
48 000 = 40 × 40 × x
48 000 = 1600 × x
∴ x = 30 cm
The new water height is 30 cm and the water is 50 − 30 = 20 cm from the top of the tank.

Solution 2
The tank has a square base with sides of length 40 cm. What would the height of a rectangular
solid with square base of length 40 cm need to be if it has the same volume as the cube? Let h
be this unknown height. Then, using the formula for the volume of a rectangular solid,
40 × 40 × h = 20 × 20 × 20
1600 × h = 8000
h = 5
Therefore, if we increase the height of water in the tank by 5 cm, we add 8000 cm3 of water.
The new water height is 25 + 5 = 30 cm and the water is 50 − 30 = 20 cm from the top of the
tank.

Problem of the Week
Problem C
No Lemons, No Melon
The title, “No Lemons, No Melon”, is an example of a palindrome, a phrase that
is the same when read forwards or backwards. Single words like MOM and BOB
are palindromes. Numbers like 7, 414 and 12321 are also palindromes.
Next week, on October 8, 2018, you should greet everyone by saying, “Happy
Palindrome Day”. When the date is written in the form d-mm-yyyy, October 8,
2018 is 8102018, a palindrome.
In honour of Palindrome Day, we pose a palindrome problem. Determine the
smallest and largest seven-digit palindromic numbers which are divisible by 15.
It may be helpful to note that a number is divisible by 3 if the sum of its digits is
divisible by 3. For example, 15 972 is divisible by 3 since 1 + 5 + 9 + 7 + 2 = 24
and 24 is divisible by 3.

Strand

Number Sense and Numeration

Problem of the Week
Problem C and Solution
No Lemons, No Melon
Problem
A palindrome is a word, phrase, sentence, or number that reads the same forwards and
backwards. Determine the smallest and largest seven-digit palindromic numbers that are
divisible by 15.

Solution
We are looking for two seven-digit numbers of the form abcdcba.
For a number to be divisible by 15, it must be divisible by both 3 and 5.
To be divisible by 5, a number must end in 0 or 5. If the required number ends in
0, it must also begin with 0 in order to be a palindrome. But the number 0bcdcb0
is not a seven-digit number, since the leading digit cannot be 0. Therefore, the
number cannot end in a 0 and hence must start and end with a 5. The required
numbers look like 5bcdcb5.
For a number to be divisible by 3, the sum of its digits must be divisible by 3.
For the smallest possible number, let b = 0 and c = 0 in 5bcdcb5. We must find
the smallest value of d so that 500d005 is divisible by 3. The sum of the digits is
5 + 0 + 0 + d + 0 + 0 + 5 = d + 10 and d can take on any integer value from 0 to
9. It follows that d + 10 can take on integer values from 10 to 19. The smallest
number in this range divisible by 3 is 12 so d + 10 = 12 and d = 2.
For the largest possible number, let b = 9 and c = 9 in 5bcdcb5. We must find the
largest value of d so that 599d995 is divisible by 3. The sum of the digits is
5 + 9 + 9 + d + 9 + 9 + 5 = d + 46 and d can take on any integer value from 0 to
9. It follows that d + 46 can take on integer values from 46 to 55. The largest
number in this range divisible by 3 is 54 so d + 46 = 54 and d = 8.
The smallest and largest seven-digit palindromic numbers exactly divisible by 15
are 5002005 and 5998995, respectively.
Extension: How many seven-digit palindromes of the form 50cdc05 are divisible
by 15?

Problem of the Week
Problem C
Last One Counts
Jayden has ten circles in a row. The circles are numbered from 10 to 19, in order,
as shown. Once Jayden is on a circle, she can move two circles to the right or
three circles to the left, as long as doing so lands her on one of the circles in the
row. The first diagram shows that if she starts on circle 17, she could move to
circle 19 or circle 14. The second diagram shows that if she starts on circle 11,
she can only move to circle 13. This is because going left three would land her on
circle 8 which is not a valid circle.
If Jayden starts on circle 10 and visits every circle exactly once, what is the
number on the last circle that she visits?
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Problem of the Week
Problem C and Solution
Last One Counts
Problem
Jayden has ten circles in a row. The circles are numbered from 10 to 19, in order. Once Jayden
is on a circle, she can move two circles to the right or three circles to the left, as long as doing
so lands her on one of the circles in the row. If Jayden starts on circle 10 and visits every circle
exactly once, what is the number on the last circle that she visits?

Solution
Starting on circle 10, she can only move two circles to the right to circle 12. From circle 12, she
can still only move two circles to the right to circle 14. Her first two moves are shown. (Note
that once a circle has been visited it turns to red.)
10

11

12

13

14

15

16

17

18

19

From circle 14 she has two choices; she can move two circles to the right to circle 16, or she can
move three circles to the left to circle 11. However, the only way to get to circle 11 is from
circle 14. Since she is not allowed to visit a circle twice, she can never come back to circle 14
and therefore must go to circle 11 now. This move is added below.
10

11

12

13

14

15

16

17

18

19

From circle 11 she can only move two circles to the right to circle 13. Since circle 10 has
already been visited, from circle 13 she moves two circles to the right to circle 15. From here,
since circle 12 has already been visited, she can only move two circles to the right to circle 17.
Since circle 14 has already been visited, from circle 17 she can only move two circles to right to
circle 19.
10

11

12

13

14

15

16

17

18

19

She now only has the option move three circles to the left to circle 16. From here she must
move two circles to the right to circle 18.
10

11

12

13

14

15

16

17

18

19

At this point all of the circles have been visited exactly once. Therefore, circle number 18 is
the last circle she will visit.

Extension: If the circles were numbered from 25 to 299, inclusive, what would be the
number on the last circle visited?

Problem of the Week
Problem C
Change Adds Up

Phil Banks loves to save coins. He has a particular coin bank that he has been
filling for a long time with only nickels (5 cent coins) and dimes (10 cent coins).
Recently, his bank was full so Phil counted his money and discovered that he had
exactly $10 in his bank. He also observed that he had 11 less dimes than nickels
in his bank.
How many coins were in Phil’s bank?
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Problem of the Week
Problem C and Solution
Change Adds Up
Problem
Phil Banks loves to save coins. He has a particular coin bank that he has been filling for a long
time with only nickels (5 cent coins) and dimes (10 cent coins). Recently, his bank was full so
Phil counted his money and discovered that he had exactly $10 in his bank. He also observed
that he had 11 less dimes than nickels in his bank. How many coins were in Phil’s bank?

Solution
Solution 1
In this solution we will solve the problem without using equations.
Phil had 11 less dimes than nickels. In other words, there are 11 more nickels than dimes.
These 11 nickels are worth 11 × 5 = 55¢ or $0.55. The remaining $10.00 − $0.55 = $9.45 would
be made up using an equal number of nickels and dimes. Each nickel-dime combination is
worth 15¢ or $0.15. By dividing $9.45 by $0.15 we determine the number of 15 cent
combinations that are required to make the total. Since $9.45 ÷ $0.15 = 63 we need 63
nickel-dime pairs. That is, we need 63 nickels and 63 dimes to make $9.45. But there are 11
more nickels. Therefore, there is a total of 63 + 63 + 11 = 137 coins in his bank.

Solution 2
In this solution we will solve the problem using an equation.
Let d represent the number of dimes and (d + 11) represent the number of nickels. Since each
dime is worth 10¢, the value of d dimes is (10d)¢. Since each nickel is worth 5¢, the value of
(d + 11) nickels is 5(d + 11)¢. The bank contains a total value of $10 or 1 000¢. Therefore,
Value of Dimes (in ¢) + Value of Nickels (in ¢)
10d + 5(d + 11)
10d + 5d + 55
15d
15d
d
d + 11

=
=
=
=
=
=
=

Total Value (in ¢)
1 000
1 000
1 000 − 55
945
63
74

There are 63 dimes and 74 nickels for a total of 63 + 74 = 137 coins in his bank.

Problem of the Week
Problem C
Top Triangle
The area of 4ACD is twice the area of square BCDE. AC and AD meet BE
at K and L respectively such that KL = 6 cm.
If the side length of the square is 8 cm, determine the area of the top triangle,
4AKL.

'

!
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Problem of the Week
Problem C and Solution
Top Triangle
Problem
The area of 4ACD is twice the area of square BCDE. AC and AD meet BE at K and L
respectively such that KL = 6 cm.
If the side length of the square is 8 cm, determine the area of the top triangle, 4AKL.

'

Solution
Solution 1
In the first solution we will find the area of square
BCDE, the area of 4ACD, the area of trapezoid
KCDL, and then the area of 4AKL.
To find the area of a square, multiply the length times
the width. To find the area of a trapezoid, multiply
the sum of the lengths of the two parallel sides by the
height and divide the product by 2.
Area of square BCDE =
=
Area 4ACD =
=
=

!

%

&

$

8×8
"
#
64 cm2
2 × Area of Square BCDE
2 × 64
128 cm2

In trapezoid KCDL, the two parallel sides are KL and CD, and the height is
the width of square BCDE, namely BC.
Area of trapezoid KCDL = (KL + CD) × BC ÷ 2
= (6 + 8) × 8 ÷ 2
= 14 × 8 ÷ 2
= 56 cm2
Area 4AKL = Area 4ACD − Area of trapezoid KCDL
= 128 − 56
= 72 cm2
Therefore, the area of 4AKL is 72 cm2 .

'

Solution 2
Construct the altitude of 4ACD intersecting BE at P
and CD at Q. In this solution we will find the height
of 4AKL and then use the formula for the area of a
triangle to find the required area.
To find the area of a square, multiply the length times the
width. To find the area of a triangle, multiply the length
of the base times the height and divide the product by 2.
Area of square BCDE =
=
Area 4ACD =
=
=
But Area 4ACD
128
128
∴ AQ

=
=
=
=

!

%

(

"
8×8
)
64 cm2
2 × Area of Square BCDE
2 × 64
128 cm2

&

$

#

CD × AQ ÷ 2
8 × AQ ÷ 2
4 × AQ
32 cm

We know that AQ = AP + P Q, AQ = 32 cm and P Q = 8 cm, the side length of
the square. It follows that AP = AQ − P Q = 32 − 8 = 24 cm.
∴ Area 4AKL = KL × AP ÷ 2
= 6 × 24 ÷ 2
= 72 cm2
Therefore, the area of 4AKL is 72 cm2 .

Problem of the Week
Problem C
Filtering Up
In the following grid, a number in any square above the bottom row is obtained
by adding the numbers connected to it from the row below. For example, the 5 in
the second last row is obtained by adding the numbers connected to it in the row
below, 2 and 3. The numbers filter up until reaching the final square containing
2x. That is, the number in the top square is two times the unknown number in
the bottom row.
Determine the value of x.
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Problem of the Week
Problem C and Solution
Filtering Up
Problem
In the grid above, a number in any square located above the bottom row is obtained by adding
the numbers connected to it from the row below. For example, the 5 in the second last row is
obtained by adding the numbers connected to it in the row below, 2 and 3. The numbers filter
up until reaching the final square containing 2x. That is, the number in the top square is two
times the unknown number in the bottom row. Determine the value of x.

Solution
Solution 1
In the first solution a trial and error type solution
will be presented. We will pick a value for x and then
complete the grid.
Let x = 0. We would expect 2x = 2(0) = 0.
However, after completing the grid, 2x = 12 6= 0.
Therefore, x 6= 0.
Let x = 5. We would expect 2x = 2(5) = 10. After completing the grid, 2x = 27 6= 10. Therefore,
x 6= 5. For our next trial we should choose a number lower than x = 0.
Let x = −5. We would expect 2x = 2(−5) = −10.
However, after completing the grid, 2x = −3 6= −10.
Therefore, x 6= −5.
Let x = −12. We would expect 2x = 2(−12) = −24.
After completing the grid, 2x = −24, the expected
value. Therefore, x = −12.

This solution is valid but not efficient. To reach the solution could take many,
many trials. In the second solution, we will look at an algebraic approach.

Solution 2
For easy reference, label all of the empty, unshaded squares in the grid as shown.

We can complete the second row using the addition rule for the grid, a = 3 + x
and b = x + 1.
Moving to the third row, c = 5 + a = 5 + 3 + x = 8 + x and
d = a + b = 3 + x + x + 1 = 4 + 2x.
Finally, in the fourth row, 2x = c + d = 8 + x + 4 + 2x = 3x + 12.
We can now solve the equation.
2x
2x − 2x
0
0 − 12
x

=
=
=
=
=

3x + 12
3x − 2x + 12
x + 12
x + 12 − 12
−12

Subtracting 2x from both sides
Simplifying
Subtracting 12 from both sides

Therefore, x = −12.
An algebraic solution to this problem is much more efficient. Some students may
not quite have the necessary background to complete this solution on their own
at this point.

Problem of the Week
Problem C
What Remains?
35 means 3 × 3 × 3 × 3 × 3 and equals 243 when expressed as an integer. When
35 is divided by 5, the remainder is 3.
When the integer 32019 is divided by 5, what is the remainder?
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Problem of the Week
Problem C and Solution
What Remains?
Problem
35 means 3 × 3 × 3 × 3 × 3 and equals 243 when expressed as an integer. When 35 is divided by
5, the remainder is 3. When the integer 32019 is divided by 5, what is the remainder?

Solution
When the units digit of an integer is 0 or 5, the remainder is 0 when divided by
5. When the units digit of an integer is 1 or 6, the remainder is 1 when divided
by 5. For example, 56 ÷ 5 = 11 R1. When the units digit of an integer is 2 or 7,
the remainder is 2 when divided by 5. When the units digit of an integer is 3 or
8, the remainder is 3 when divided by 5. When the units digit of an integer is 4
or 9, the remainder is 4 when divided by 5.
So let’s examine the pattern of the units digits on the first eight powers of 3.
Exponent

Power

Value

Units Digit

1
2
3
4
5
6
7
8

31
32
33
34
35
36
37
38

3
9
27
81
243
729
2187
6561

3
9
7
1
3
9
7
1

It would appear that there is a pattern in the units digits that repeats every four
powers of 3. The pattern would continue: the units digits of 39 , 310 , 311 , 312
would be 3, 9, 7, 1, respectively. So we need to determine how many complete
groups of four are in 2019. We determine that 2019 ÷ 4 = 504 R3. There are 504
complete repetitions of the pattern of units digits and 3 numbers into the next
pattern. This means that the units digit of 32019 is 7, the third number in the
pattern of the units digits. Since the units digit is 7, the remainder when 32019 is
divided by 5 is 2.
∴ when 32019 is divided by 5, the remainder is 2.

Problem of the Week
Problem C
Angle Chasing
A circle with centre C is drawn around 4CQS so that Q and S lie on the
circumference of the circle. QC is extended to P on the circle. Chord P R
intersects CS and QS at A and B, respectively.
If ∠QP R = 24◦ and ∠CAP = 90◦ , determine the measure of ∠QBR.
(∠QBR is marked x◦ on the diagram.)
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Problem of the Week
Problem C and Solution
Angle Chasing
Problem
A circle with centre C is drawn around 4CQS so that
Q and S lie on the circumference of the circle. QC is
extended to P on the circle. Chord P R intersects CS
and QS at A and B, respectively. If ∠QP R = 24◦ and
∠CAP = 90◦ , determine the measure of ∠QBR. (∠QBR
is marked x◦ on the diagram.)

Solution
Solution 1
The angles in a triangle add to 180◦ . So in 4CAP ,
∠ACP = 180◦ − 90◦ − 24◦ = 66◦ = a◦ .
QCP is a diameter and is therefore a straight line. Two angles on a straight line
add to 180◦ , so
∠QCS = 180◦ − a◦ = 180◦ − 66◦ = 114◦ = b◦ .
C is the centre of the circle with Q and S on the circumference. Therefore, CS
and CQ are radii of the circle and CS = CQ. It follows that 4CSQ is isosceles
and ∠CSQ = ∠CQS = c◦ .
Then in 4CSQ,

c◦ + c◦ + b◦
2c + 114
2c
c

=
=
=
=

180◦
180
66
33

Opposite angles are equal, so it follows that ∠SBA = ∠RBQ = x◦ and
d◦ = ∠SAB = ∠CAP = 90◦ .
In 4ABS,

∴ ∠QBR = 57◦ .

x◦ + c◦ + d◦
x + 33 + 90
x + 123
x

=
=
=
=

180◦
180
180
57

Solution 2
In a triangle, the angle formed at a vertex between the extension of a side and an adjacent side
is called an exterior angle. In the top diagram to
the right, ∠XZW is exterior to 4XY Z. The
exterior angle theorem states: “the exterior angle
of a triangle equals the sum of the two opposite
interior angles.” In the diagram, r◦ = p◦ + q ◦ .
We will use this result and two of the pieces of
information we found in Solution 1.
The angles in a triangle sum to 180◦ . So in
4CAP ,
∠ACP = 180◦ − 90◦ − 24◦ = 66◦ = a◦ .
C is the centre of the circle with Q and S on
the circumference. Therefore, CS and CQ are
radii of the circle and CS = CQ. It follows that
4CSQ is isosceles and ∠CSQ = ∠CQS = c◦ .
∠ACP is exterior to 4CSQ.
∴ ∠ACP
a◦
66
33

=
=
=
=

∠CSQ + ∠CQS
c◦ + c◦
2c
c

=
=
=
=

∠BP Q + ∠BQP
24◦ + c◦
24 + 33
57

∠QBR is exterior to 4BQP .
∴ ∠QBR
x◦
x
x
∴ ∠QBR = 57◦ .

Problem of the Week
Problem C
Lookover Lane
Lookover Lane divides two rows of houses. Each house on one side of the lane is
directly opposite a house on the other side of the lane.
The houses are numbered consecutively 1, 2, 3, and so on along one side. Once the
end of that side of the lane is reached, the consecutive numbering continues at the
house on the other side of the street opposite house number 1. The consecutive
numbering continues along this second side until the last house is numbered.
If there were eight houses on the lane, they would be numbered as shown in the
diagram below.
However, on the actual lane, when the residents of house number 37 look directly
across the lane, they see the house numbered 84. How many houses are on
Lookover Lane?

1

2

3

4

LOOKOVER LANE

5
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Problem of the Week
Problem C and Solution
Lookover Lane
Problem
Lookover Lane divides two rows of houses. Each house on one side of the lane is directly
opposite a house on the other side of the lane. The houses are numbered consecutively 1, 2, 3,
and so on along one side. Once the end of that side of the lane is reached, the consecutive
numbering continues at the house on the other side of the street opposite house number 1. The
consecutive numbering continues along this second side until the last house is numbered. When
the residents of house number 37 look directly across the lane, they see the house numbered 84.
How many houses are on Lookover Lane?

Solution
Solution 1
In this solution we will use logic to reason the number of houses on Lookover Lane.
There are 36 houses before house 37 on the one side of the lane. Therefore, there must be 36
houses on the other side of the lane before house number 84.
So, the first house on the other side of the lane is house number 84 − 36 = 48. Therefore, the
last house on the first side of the lane is house number 47.
Each house on one side has a house directly across from it on the other side. Since there are
47 houses on one side, there are 47 houses on the other side and there are a total of
47 × 2 = 94 houses on Lookover Lane.

Solution 2
In this solution, a variable is introduced to help in the argument.
Suppose there are n houses on one side of Lookover Lane. Then there are a total of 2 × n = 2n
houses on both sides of the lane. House 1 is opposite house n + 1, house 2 is opposite house
n + 2, house 3 is opposite house n + 3, and so on. (The . . . below represent the houses in
between house 3 and house 37 and again the houses between house 37 and house n. Similarly
for the second row) House 37 is opposite house 84 and house n is opposite house 2n.
1
2
3 ...
n + 1 n + 2 n + 3 ...

37 . . . n
84 . . . 2n

There are 36 houses before house 37. Therefore, there must be 36 houses before house 84.
So, the first house in the second row is house number 84 − 36 = 48. This is house n + 1.
Therefore, the last house in the first row, house n, is house number 47.
Therefore, there are 47 × 2 = 94 houses on Lookover Lane.

Problem of the Week
Problem C
Cookie Shares
Sheetal has some cookies. She gives one-third of her cookies to Gil. She then eats
4 cookies, after which she gives one-half of her remaining cookies to Anna. If
Sheetal then has 16 cookies left, how many cookies did she have to begin?
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Problem of the Week
Problem C and Solution
Cookie Shares
Problem
Sheetal has some cookies. She gives one-third of her cookies to Gil. She then eats 4 cookies,
after which she gives one-half of her remaining cookies to Anna. If Sheetal then has 16 cookies
left, how many cookies did she have to begin?

Solution
Solution 1
We work backwards from the last piece of information given.
Sheetal has 16 cookies left after giving one-half of her remaining cookies to Anna.
This means that she had 2 × 16 = 32 cookies immediately before giving cookies
to Anna.
Immediately before giving cookies to Anna, she ate 4 cookies, which means that
she had 32 + 4 = 36 cookies immediately before eating the 4 cookies.
Immediately before eating these cookies, she gave one-third of her cookies to Gil,
which would have left her with two-thirds of her original amount.
Since two-thirds of her original amount equals 36 cookies, then one-third equals
one half of 36 or 36
2 = 18 cookies.
Thus, she gave 18 cookies to Gil, and so Sheetal started with 36 + 18 = 54
cookies.
Solution 2
Suppose Sheetal started with x cookies.
She gives 13 x cookies to Gil, leaving her with 1 − 13 x = 32 x cookies.
She then eats 4 cookies, leaving her with 32 x − 4 cookies.
Finally, she gives away one-half of what she has left to Anna, which means that
she keeps one-half of what she has left, and so she keeps 12 ( 32 x − 4) cookies.
Simplifying this expression, we obtain 26 x − 42 = 13 x − 2 cookies.
Since she has 16 cookies left, then 31 x − 2 = 16 and so 13 x = 18 or x = 54.
Therefore, Sheetal began with 54 cookies.

Problem of the Week
Problem C
Will that be Large or Small?
A crafty student has been making two types of bracelets. The smaller bracelets
contain four coloured beads each and the larger bracelets contain seven coloured
beads each. So far, a total of 99 beads have been used.
How many of each type of bracelet have been made? (There may be more than
one possible answer.)
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Problem of the Week
Problem C and Solution
Will that be Large or Small?
Problem
A crafty student has been making two types of bracelets. The smaller bracelets contain four
coloured beads each and the larger bracelets contain seven coloured beads each. So far, a total
of 99 beads have been used. How many of each type of bracelet have been made? (There may
be more than one possible answer.)

Solution
Let S represent the number of small bracelets and L represent the number of large bracelets.
Since the small bracelets use 4 beads each, S bracelets would use 4 × S or 4S beads in total.
Since the large bracelets use 7 beads each, L bracelets would use 7 × L or 7L beads in total.
Since a total of 99 beads have been used, 4S + 7L = 99, and L and S integers greater than or
equal to 0.
We can also determine a maximum value for L. Each large bracelet uses 7 beads. We know
that 99 ÷ 7=14.1,
˙
so L must be a non-negative integer less than or equal to 14. We could at
this point check all of the possible integer values for L from 0 to 14. However, we can narrow
down the possibilities even more.
In the equation, 4S + 7L = 99, 4S will always be an even integer since 4 times any integer is
always even. We then have an even number plus 7L equals the odd number 99. This means
that 7L must be an odd number. (An even number plus an even number would be an even
number, not an odd number.) For 7L to be an odd number, L must be odd. (If L is even, 7L
would be even.) This observation reduces the possible values for L to the odd positive integers
between 0 and 14, namely 1, 3, 5, 7, 9, 11, 13. Now we can test the possible values of L to see
which ones, if any, produce a valid possibility for S.
Number
of Large
Bracelets
L
1
3
5
7
9
11
13

Number
of Beads
Used
7L
7×1=7
7 × 3 = 21
7 × 5 = 35
7 × 7 = 49
7 × 9 = 63
7 × 11 = 77
7 × 13 = 91

Number
of Beads
Remaining
99 − 7L
99 − 7 = 92
99 − 21 = 78
99 − 35 = 64
99 − 49 = 50
99 − 63 = 36
99 − 77 = 22
99 − 91 = 8

Number
of Small
Bracelets
(99 − 7L) ÷ 4
92 ÷ 4 = 23
78 ÷ 4 = 19.5
64 ÷ 4 = 16
50 ÷ 4 = 12.5
36 ÷ 4 = 9
22 ÷ 4 = 5.5
8÷4=2

Valid or Invalid
Possibility?
valid, it is an integer
invalid, not an integer
valid, it is an integer
invalid, not an integer
valid, it is an integer
invalid, not an integer
valid, it is an integer

There are four valid possibilities. The crafty student has either made 1 large bracelet and 23
small bracelets, or 5 large bracelets and 16 small bracelets, or 9 large bracelets and 9 small
bracelets, or 13 large bracelets and 2 small bracelets.

Problem of the Week
Problem C
Farther Each Day
Cy Kler has mapped out a 560 km bike route that he wants to complete in seven
days. Each day he wants to ride 15 km more than the day before.
If Cy is able to follow his plan, then how many kilometers will he have to ride on
the seventh day of the trip?
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Problem
Cy Kler has mapped out a 560 km bike route that he wants to complete in seven days. Each
day he wants to ride 15 km more than the day before. If Cy is able to follow his plan, then how
many kilometers will he have to ride on the seventh day of the trip?

Solution
Solution 1
We will begin by representing the information on a diagram.
!"#$%
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!"#$'

!"#$-

!"#$.
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The total distance is made up of seven trips with the same length as Day 1 plus
15 + 2(15) + 3(15) + 4(15) + 5(15) + 6(15) = 15 + 30 + 45 + 60 + 75 + 90 = 315 km.
So seven days riding the same distance as Day 1 would total
560 − 315 = 245 km. On Day 1, Cy Kler will ride 245 ÷ 7 = 35 km.
On Day 7, Cy Kler will ride the Day 1 distance plus 6 × 15 = 90 km. The total
distance that he will travel on the seventh day will be 35 + 90 = 125 km.
This first solution deliberately avoids algebra and equations. Many solvers would
be able to reason the solution in a similar way.
The second and third solutions will present more algebraic approaches.

Solution 2
Let x be the distance Cy Kler will ride on the first day. Then he will ride
x + 15, x + 30, x + 45, x + 60, x + 75, and x + 90 km on days two through
seven, respectively. Then,
x + (x + 15) + (x + 30) + (x + 45) + (x + 60) + (x + 75) + (x + 90)
7x + 15 + 30 + 45 + 60 + 75 + 90
7x + 315
7x + 315 − 315
7x
7x
7
x

=
=
=
=
=

560
560
560
560 − 315
245
245
=
7
= 35

Cy Kler will ride 35 km on the first day. On the seventh day, he will ride
x + 90 = 35 + 90 = 125 km.
Solution 3
Let m be the distance Cy will travel on day four, the middle day. On day five he
would ride (m + 15) km; on day six he would ride m + 15 + 15 = (m + 30) km;
and on day seven he would ride m + 30 + 15 = (m + 45) km. Working backwards
from day four we reduce the distance he rides by 15 km. On day three Cy would
ride (m − 15) km; on day two he would ride m − 15 − 15 = (m − 30) km; and on
day one he would ride m − 30 − 15 = (m − 45) km. Then,
m + (m + 15) + (m + 30) + (m + 45) + (m − 15) + (m − 30) + (m − 45)
7m + 15 + 30 + 45 − 15 − 30 − 45
7m + 15 − 15 + 30 − 30 + 45 − 45
7m
7m
7
m

=
=
=
=

560
560
560
560
560
=
7
= 80

Cy Kler will ride 80 km on the fourth day. On the seventh day, he will ride
m + 45 = 80 + 45 = 125 km.
A solution like solution 3 will work well when there is an odd number of terms in
a sequence that increases (or decreases) by a constant amount.

Problem of the Week
Problem C
Forgot Your Money?
A group of baseball players decided to go out after their game to Good Eating
Apps, a restaurant which serves famous potato crisps. They agreed to equally
split the total cost of the crisps. After everything was eaten, the bill, amounting
to $28.80, arrived at the table.
Three of the players discovered that they had left their wallets at home. This was
awkward, but the remaining players agreed to each pay $0.80 more to cover the
missing amount.
How many players were originally going to pay for the postgame snack?
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Problem
A group of baseball players decided to go out after their game to Good Eating Apps, a
restaurant which serves famous potato crisps. They agreed to equally split the total cost of the
crisps. After everything was eaten, the bill, amounting to $28.80, arrived at the table. Three of
the players discovered that they had left their wallets at home. This was awkward, but the
remaining players agreed to each pay $0.80 more to cover the missing amount. How many
players were originally going to pay for the postgame snack?
Solution
We are looking for two positive integers that differ by three and both divide into $28.80 or
2880 ¢.

We can assume a minimum of five players since after three players discover that they have no
money, there would be a minimum of two players remaining to pay the bill. The problem
states that the remaining “players” agreed to equally cover the cost. This suggests more than
one player.
We will use the following chart to determine the original number of players. The original
number is the actual number who ate the crisps and the number who paid is the number who
paid for the crisps. In the chart, the symbol ≈ is used to mean approximately equal to.
Original
Number
of
Players
5
6
7
8
9
10
11
12

Amount
Agreed
to Pay
(in ¢)
2880
5 = 576
2880
6
2880
7
2880
8
2880
9
2880
10
2880
11
2880
12

Number
of Players
Who Actually
Paid
5−3=2

= 480

6−3=3

≈ 411

7−3=4

= 360

8−3=5

= 320

9−3=6

= 288

10 − 3 = 7

≈ 262

11 − 3 = 8

= 240

12 − 3 = 9

Amount
Actually
Paid
(in ¢)
2880
2 = 1440
2880
3
2880
4
2880
5
2880
6
2880
7
2880
8
2880
9

Difference
in
Amounts
(in ¢)
1440 − 576 = 864 6= 80

= 960

960 − 480 = 480 6= 80

= 720

720 − 411 = 309 6= 80

= 576

576 − 360 = 216 6= 80

= 480

480 − 320 = 160 6= 80

≈ 411

411 − 288 = 123 6= 80

= 360

360 − 262 = 98 6= 80

= 320

320 − 240 = 80

Therefore, 12 players originally agreed to pay $2.40 each but only 9 players actually paid $3.20
each. Since the differences in the chart are decreasing, we do not need to check past 12 players
for more solutions. At this level, this is probably how you would solve the problem. (You may
have also used a “guess and check” strategy. On the next page, an equation is developed that
could be used to solve the problem algebraically. This alternate solution requires more of a
mathematics background, but we have included it for those who are interested.

Let n represent the number of players who ate the postgame snack.
Then n − 3 represents the number of players who actually paid the bill.

The n players who ate the snack had each agreed to pay 2880
¢.
n
2880
However, n − 3 players actually paid n−3 ¢ each, an amount larger than the amount
originally agreed to.
The difference in the two amounts is 80 ¢.

 

2880
2880
It follows that
−
= 80.
n−3
n
At this point, you could now choose values for n, and substitute in the equation to determine
the value for n that makes the equation true.
Checking when n = 12,


2880
n−3




−

2880
n





=
=
=
=

 

2880
2880
−
12 − 3
12

 

2880
2880
−
9
12
320 − 240
80

How would we solve an equation like this algebraically? The solution requires a few more years
of mathematical training for most students to understand. An unexplained solution is provided
here.
 


2880
2880
−
= 80
n−3
n




2880
2880
(n)(n − 3)
− (n)(n − 3)
= 80(n)(n − 3)
n−3
n
2880n − 2880(n − 3) = 80(n)(n − 3)
2880n − 2880n + 8640 = 80(n)(n − 3)
8640
= n(n − 3)
80
108 = n(n − 3)
(1)
2
108 = n − 3n
0 = n2 − 3n − 108
0 = (n − 12)(n + 9)
n = 12
n = −9
inadmissible since n > 0
At (1), we could have stopped and observed that we are looking for two positive integers that
differ by 3 and whose product is 108. Using positive integers, 12 × 9 = 108 as we found earlier.
The level of mathematics required to solve this entire equation is probably grade 10 or higher.

