
Problem of the Week
Problem D and Solution

Sum Ways

Problem
The number 90 can be expressed as the sum of three consecutive positive integers. That is,
90 = 29 + 30 + 31. Note that 90 can also be expressed as the sum of one consecutive positive
integer, that is 90 = 90. How many ways can the number 330 be expressed as the sum of an
odd number of consecutive positive integers?

Solution
We are going to use the following to solve this problem: If there exists an odd number, k, of
consecutive integers that sum to 330, then k is an odd divisor of 330. (We will give a proof of
this fact at the end of this solution.)

Furthermore, if nk = 330, then n is the middle integer in the sum and the first integer is(
n− k−1

2

)
. We will need to check if this first number is indeed positive.

Since 330 = 2 · 3 · 5 · 11, the positive odd divisors of 330 are 1, 3, 5, 11, 15, 33, 55, and 165.

Let’s do the analysis for the divisor 11.

If k = 11, then n = 330
11

= 30 and the first number in the sum is 30− 11−1
2

= 25.
We can check that 330 can be expressed as the sum of the positive integers
25, 26, 27, 28, 29, 30, 31, 32, 33, 34, and 35.

In the table below, we analyze each possible odd divisor.

Odd Divisor Middle First Valid
(number of terms in sum) Number Number Sum?

1 330 330 Yes
3 110 109 Yes
5 66 64 Yes
11 30 25 Yes
15 22 15 Yes
33 10 −6 No
55 6 −21 No
165 2 −80 No

Therefore, there are five ways to express 330 as the sum of an odd number of consecutive
positive integers. They are:
1) 330 = 330
2) 330 = 109 + 110 + 111
3) 330 = 64 + 65 + 66 + 67 + 68
4) 330 = 25 + 26 + 27 + 28 + 29 + 30 + 31 + 32 + 33 + 34 + 35
5) 330 = 15 + 16 + 17 + 18 + 19 + 20 + 21 + 22 + 23 + 24 + 25 + 26 + 27 + 28 + 29



Why does this work?

We will start with the example of k = 5.
Five consecutive integers can expressed as n− 2, n− 1, n, n+1, and n+2, where n is an integer.
Their sum is (n− 2) + (n− 1) + n+ (n+ 1) + (n+ 2) = 5n.
Therefore, 5n = 330 and n = 66. Thus, the middle term in the sum is 66, and the sum is
64 + 65 + 66 + 67 + 68 = 330.

In general, if there are k consecutive integers and k is odd, then we can write the sum of these
integers in this way:

k−1
2

integers︷ ︸︸ ︷(
n−

k − 1

2

)
+ · · ·+ (n− 3) + (n− 2) + (n− 1)+n+

k−1
2

integers︷ ︸︸ ︷
(n+ 1) + (n+ 2) + (n+ 3) + · · ·+

(
n+

k − 1

2

)
= kn

Now, we can see that if this sum is equal to 330, then kn = 330 and thus k is an odd divisor of
330.

EXTENSION: How many ways can the number 330 be expressed as the sum of an EVEN
number of consecutive positive integers?


