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P Problem of the Week
| Problem E and Solution

Sum View

Problem
The six faces of a cube have each been marked with one of the numbers 1, 2, 3, 4, 5, and 6,
with each number being used exactly once.

Three people, Paul, Lee, and Jenny, are seated around a square table.

The cube is placed on the table so that from their different seat locations, each one can see the
top face and two adjacent side faces. No two people see the same pair of adjacent side faces.

When Paul adds the three numbers that he can see, his total is 9. When Lee adds the three
numbers that they can see, their total is 14. When Jenny adds the three numbers that she can
see, her total is 15.

Determine all possibilities for the number on the bottom face of the cube.

Solution

We will look at the six possible cases for the number on the top face of the cube, and then
decide if there are possible solutions given that top number.

Let t be the number on the top face of the cube.

e Case l: t=1

The two side faces that Jenny sees must sum to 15 — 1 = 14. Since the largest face value
is 6, the maximum sum of the numbers on two faces is 5 + 6 = 11. Therefore, it is not
possible for the numbers on two side faces to sum to 14, and so the number on the top
face cannot be 1.

e Case 2: t =2

The two side faces that Jenny sees must sum to 15 — 2 = 13. Again, the maximum sum
of the numbers on two faces is 5 + 6 = 11. Therefore, it is not possible for the numbers
on two side faces to sum to 13, and so the number on the top face cannot be 2.

e Case 3: t =3

The two side faces that Jenny sees must sum to 15 — 3 = 12. Again, the maximum sum
of the numbers on two faces is 5 + 6 = 11. Therefore, it is not possible for the numbers
on two side faces to sum to 12, and so the number on the top face cannot be 3.

e Case 4: t=4

The two side faces that Jenny sees must sum to 15 — 4 = 11. It is possible to get a sum
of 11, and the only possible way is with the numbers on the two faces being 5 and 6.
Now, the two side faces that Lee sees must sum to 14 — 4 = 10. The only possible way to
get a sum of 10 is with the numbers on the two faces being 4 and 6. But the number on
the top face is also 4, so it is not possible to have a 4 on a side face.

Therefore, the number on the top face cannot be 4.
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e Case b: t=15

The two side faces that Jenny sees must sum to 15 — 5 = 10. The only possible way to
get a sum of 10 is with the two faces being 4 and 6.

Now, the two side faces that Lee sees must sum to 14 — 5 = 9. It is possible to get a sum
of 9, and the only possible ways are with the numbers on the two faces being 4 and 5 or 3
and 6. Since the number on the top face is 5, then the numbers on the two side faces
cannot be 4 and 5. Therefore, the numbers on two side faces that Lee sees must be 3 and
6.

Finally, the two side faces that Paul sees must sum to 9 — 5 = 4. It is possible to get a
sum of 4, and the only possible way is with the numbers on the faces being 1 and 3.

Therefore, it is possible for the number on the top face to be 5. Then the numbers on the
four side faces must be 4, 6, 3, and 1. Each person’s view is shown below.
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The visible numbers are 1, 3, 4, 5, and 6. Therefore, the number on the bottom of the
cube is 2.

e Case 6: t=6

The two side faces that Jenny sees must sum to 15 — 6 = 9. It is possible to get a sum of
9, and the only possible ways are with the numbers on the two faces being 3 and 6, or 4
and 5. Since the number on the top face is 6, then the numbers on the two side faces
cannot be 3 and 6. Therefore, the numbers on the two side faces that Jenny sees must be
4 and 5.

Now, the two side faces that Lee sees must sum to 14 — 6 = 8. It is possible to get a sum
of 8, and the only possible ways are with the numbers on the two faces being 2 and 6 or 3
and 5. Since the number on the top face is 6, then the numbers on the two side faces
cannot be 2 and 6. Therefore, the numbers on the two side faces that Lee sees must be 3
and 5.

Finally, the two side faces that Paul sees must sum to 9 — 6 = 3. The only possible way
to get a sum of 3 is with the faces being 1 and 2.

From Jenny’s, Lee’s and Paul’s views, we know that the side faces must have numbers 4,
5, 3, 1, and 2. But there are only four side faces, so it is impossible for each of these five
numbers to appear on a side face.

Therefore, it is not possible for the number on the top face of the cube to be 6.

Therefore, the only possible number on the bottom face of the cube is 2.



