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Problem of the Week
Problem D and Solution
What’s in That Square?

Problem

Fourteen squares are placed in a row forming the grid below. Each square is to be filled with a
positive integer, according to the following rules.

1. The product of any four integers in adjacent squares is 120.

2. Integers may appear more than once in the grid.

Four of the squares are already filled with a positive integer, as shown. Determine all possible
values of x.

Solution

In both solutions, let a; be the positive integer in the first square, as the positive integer in the
second square, as be the positive integer in the third square, a4 the positive integer in the
fourth square, and so on.

Solution 1

Consider squares 3 to 6. Since the product of any four adjacent integers is 120, we have

2 X ag X as X 4 = 120. Therefore, ay X a5 = % = 15. Since a4 and aj are positive integers,
there are four possibilities: a4 = 1 and a5 = 15, or a4 = 15 and a5 = 1, or a4 = 3 and a5 = 5, or

ay =5 and a5 = 3.

In each of the four cases, we will have a; = 2. We can see why by considering squares 4 to 7.
We have a4 X a5 x 4 X ay = 120, or 15 x 4 X ay = 120, since a4 X a5 = 15. Therefore,

120 _
a7 = {554 = 2

e Case l: as =1 and a5 = 15

Consider squares 5 to 8. We have a5 x 4 X a7 X ag = 120, or 15 x 4 X 2 X ag = 120, or

120
a8 = T5xaxz — 1-

Next, consider squares 6 to 9. We have 4 X a; X ag X x =120, or 4 x 2 x 1 x x = 120, or
r =12 =15.

Let’s check that x = 15 satisfies the only other condition in the problem that we have not
yet used, that is a5 = 3.

Consider squares 9 to 12. If x = 15 and a2 = 3, then a9 X a1 = 1{,’233 = %. But a9 and
a1, must both be integers, so is not possible for a9 X a;; = %. Therefore, it must not be

possible for ay, = 1 and a5 = 15, and so we find that there is no solution for x in this case.

e Case 2: ay =15 and a5 =1
Consider squares 5 to 8. We have a5 X 4 X ay X ag = 120, or 1 x 4 X 2 x ag = 120, or

_ 120 __
ag = Ax2 — 15.
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Next, consider squares 6 to 9. We have 4 X a7 X ag X x = 120, or x = 4;22315 =1.

Let’s check that x = 1 satisfies the only other condition in the problem that we have not
yet used, that is a5 = 3.

Consider squares 7 to 10. Since ay = 2, ag = 15, and = = 1, then a1 = 55577
Similarly, a1 = 1513&4 = 2. Then we have x X ajg X a11 X a1o =1 x4 x 2 x 3 =24 # 120.

Therefore, it is not possible for ay, = 15 and a5 = 1. There is no solution for z in this case.

120 =4

e Case 3: ay =3 and a5 =5
Consider squares 5 to 8. We have a5 x 4 X ay X ag = 120, or 5 x 4 x 2 X ag = 120, or

120
a8 = Fxaxz — 3
Next, consider squares 6 to 9. We have 4 X a7 X ag X x = 120, or x = 4313 =95

Let’s check that x = 5 satisfies the only other condition in the problem that we have not
yet used, that is a;s = 3.

Consider squares 7 to 10. Since a; = 2, ag = 3, and x = 5, then ag = % = 4.
Similarly, a;; = 3X1§g4 = 2. Then we have X a9 X a11 X a3 =5 X 4 X 2 X a5 = 120, so
a1y = 5;% = 3. Therefore, the condition that a;o = 3 is satisfied in the case where

ay = 3 and a5 = 5. If we continue to fill out the entries in the squares, we obtain the

entries shown in the diagram below.

o412 (3|54 2(3|5]4(2|3|5)|4

We see that x = 5 is a possible solution. However, is it the only solution? We have one
final case to check.

e Case 4: ay =H and a5 = 3
Consider squares 5 to 8. We have a5 X 4 X a; X ag = 120, or 3 X 4 X 2 x ag = 120, or

120 _
a8 = 33ax3 = 5.
Next, consider squares 6 to 9. We have 4 X a; X ag x x = 120, or x = 4325 =3

Let’s check that x = 3 satisfies the only other condition in the problem that we have not
yet used, that is a;s = 3.

Consider squares 9 to 12. If x = 3 and a5 = 3, then a9 X a;; = % = 430
must both be integers, so it is not possible for a;g X a;; = %. Therefore, it must not be
possible for a; = 5 and a5 = 3, and so we find that there is no solution for x in this case.

. But a19 and aq;

Therefore, the only possible value for x is © = 5.

Solution 2
You may have noticed a pattern for the a;’s in Solution 1. We will explore this pattern.

Since the product of any four adjacent integers is 120, ajasasay = asazasas = 120. Since both
sides are divisible by asagzas, and each is a positive integer, then a; = as.

Similarly, asazasas = azasasag = 120, and so as = ag.

In general, a,a,110n120,13 = Gpy10n 1205130, 14, AN SO Gy = Gpig.

We can use this along with the given information to fill out the entries in the squares as follows:

|42 3|x|412|13|x4|2]|3]| x| 4

120 5

Therefore, 4 x 2 x 3 x z =120 and so v = ;355 =



